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MorTivATION: DIFFUSION OF BACTERIAL CELLS AS SPDE

Diffusion of Bacterial cells.
Evolution of the solution of a Stochastic Partial differential Equation.

() B, o (F) B, tioo (@) B, thoo (H) B, ts000

ABBILDUNG: Under similar initial and boundary conditions, the SPDE solutions are
different for different time steps: Tests A and B.
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MorTivATION: INITIAL VS MEAN SoLuTiOoNSs oF SPDE

(A)t=0 (B) t = 5000At, M = 500

ABBILDUNG: Initial and mean solution at tspoo of M = 500 realizations, test A.

M. Zahri, Numerical solution of stochastic partial differential systems with additive noise on
overlapping subdomains, 7/ Inter. Conf. on Approximation Methods and Numerical
Modelling in Environment and Natural Resources (MAMERN’17 VII-2017), B. Amaziane et

al., pp. 198-201
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PART |

Stochastics Differentiation and Integration
® Random ODEs and Stochastic ODEs
@ Basics in the theory of Stochastic Processes
@ Computational Construction of the Brownian motion
@ [16 formula and Stochastic integrals
@ Stochastic differential equation

@ Equivalence SODEs, RODEs and Stratonovich ODEs
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TAYLOR EXPANSION: SOURCE OF NUM. APPROXIMATIONS

Deterministic vs stochastic Expansion

@ The Taylor expansion of a real function f(X) that is infinitely differentiable at a real Xy is

EERVIRY —y,) .
f(x) = Z(XJ_—!XO)f(J)(XO)_,_ Z (XJ.—!XO)f(”(XO) (1)

jeA J€B(A)

Approximation Term P,,(x) Remainder Term

where A := {0, 1,..., p} and B(A) represents the ’classical’ complement of A in Ny.

@ The stochastic Taylor-Expansion of a real valued stochastic process function f(t, X,) at

measurable point (7, X;)

FE X0 = D lalfalo X1+ D lalfals X 2)

a€A a€B(A)

Approximation Term Remainder Term

where p and 7 are Stop-times satisfying ..., X; is an adapted It6 process, A is an index
set of the main approximation term and B(A) represents the complement of A.
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TAYLOR EXPANSION USING DIFFERENTIAL OPERATORS

Starting from the ODE X'(t) = f(t, x(t)), we write the deterministic Taylor by
using differential operators

d
X"(t) = P f(t, x(t)) = LT(t, x(t))

xX"(t) = %Lf(t,x(t)):sz(t,x(t))

xW(t) ; LIZTft, x(t)), j=12...
Set  LOf(t,x(t)) = f(t,x(t) and L7'f(t, x(t)) = x(t)

Hence, the Taylor expansion of X(t) on the neighborhood of t,;; for a given
discretizationt =ty < t; < --- <ty =T; hy = Aty is given by

X)) = 3 LI F(ty X(tn))?_: + ) U, X(tn))?_; 3)

jeA T jeB@A)

where A :={0,1,..., p} and B(A) represents the ’classical’ complement of A in Ny.
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RANDOM AND StocHAsTIC ODESs

@ Random ordinary differential equations (RODEs) are pathwise ODEs that
contain a stochastic process in their vector field functions.

X'(1) = f(€(w), X(1) = X, (1) = gt X(t) for weQ (as)

@ Clearly, once w is fixed, all classical numerical schemes for ODEs are pathwise
applicable for RODE:s. (lost of convergence orders!)

@ Stochastic ordinary differential equations (SODESs) or (SDEs) are differential
equation in which one or more of the terms is a stochastic process, resulting in a
solution which is itself a stochastic process.

@ Consequently, classical numerical schemes for ODEs are not directly applicable
for SDE. (Mathematical transformation are required!)

‘ SO, we need stochastic Differentiation and Integration.
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THE RoAD TO THE COMPUTATIONAL STOHASTICS

@ Goal: Approximation Methods for Stochastic Processes.

@ The stochastic processes, solution of Stochastic ODEs, are continuous
BUT! Not differentiable!

@ How could, we use the stochastic Taylor expansions of solutions with a
new concept of differentiability!

@ How could we define the differentiability for stochastic processes!
@ The intervention of 1t6 formula is a good start! Especially in integral form.

@ The It6-Taylor expansions have sense by using some appropriate
modifications.

We start by setting up some basics on the Theory of Stochastic Calculus.
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SIGMA-ALGEBRA

Let Q be a non-empty set and denote by P (€2) the power set. The set
A C P(Q) is called o-Algebra, if it satisfies the following conditions:

(i) Qe A,
(i) Be A= B%e A,
(i) Be A, i=1,23,...= ;B € A
EXAMPLES
(1) If Q c N then {¢, Q} and P(Q) are sigma-algebras of subsets of Q.
(i) IfQ ={1,2,3} then A = {1, {1,2}, {2}, {1, 3}, ¢, {3}, {2,3}}.

(1) If Q = R then the set A of all sets of the form [a, b], (&, b], (a, b) and [a, b)
is a sigma-algebra, where a, b € R.

v
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ProBABILITY MAP

A probability measure P is a map with the following proprieties:

(i) P: A — [0, 1], (positivity property).
(i) P(Q) = 1, (sure event).
(iii) For any pairwise disjoint (Bj)icy € A, it holds P( U Bi) = X P(B)).

1eN 1eN
(countably additive (a.k.a. sigma-additive)).

@ The properties above are usually referred to the Kolmogorov Axioms.

@ A probability map is also called a probability function.

@ The probability of an impossible event is always zero 0 :The probability of
getting a number greater than 6, when a die is thrown once, is an impossible event, as

the highest number in a die is 6.
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PROBABILITY SPACE

@ The Tuple (€2, A) is called measurable space: The space of measurable
events

@ The Triple (€, A, P) is called probability space: Non-deterministic space

® The real valued map X : Q — R is called random variable, if X is
A—-measurable: For all t € R, it holds

X<tp=x"1-ot) = {weQ: X@ el - 1) e A

In other words: The History of X till t are measurable events ie. are in A.

o IfdeNand X!, ..., X9 are random variables defined on the same PS.,
the X = (X!, ..., X9) will be called random vector.
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FILTRATION

A family (%t )ier (T = N or [0, 00)) of o--Algebras is called filtration if the
following properties are satisfied:

(i) forallt € T, F; C A, (measurability property)

(i) forallst e T=N:s<t = %5 C 4, (increasing measurable information)
It is important to know that:

@ A filtration F is right continuous if Vt € T, i = ) Frre

>0

@ ¥y contains the zero-set A, if {A: Ae A, P(A) =0} C %.
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STOCHASTIC PROCESSES

Consider a probability space (€, A, P) and an index set T C R*.

o

The map X : T X Q — R is called stochastic process if X; : Q — Risa
random variable for each t € T. (Xi(w) = X(t, w)).

If T = Ny then X; is called a discrete time stochastic process.
If T = R* then X; is called a continuous time stochastic process.

A d-dimensional stochastic process is a family of d-dimensional random
vectors (Xi)ter. (d € N).

The process (X;)teT is measurable, if the process T X Q — RY,
(t, ) — X(w) is (B(T) ® F) — B(RY) measurable.

The process (X¢)ier is called progressive measurable with respect to the
filtration 7, if for any t € T the process [0,t] X Q — RY, (S w) — Xs(w)
is (B([0,]) ® &) — B(RY) measurable.
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SAMPLE OF DISCRETE-TIME STOCHASTIC PROCESSES

For any fixed w € Q the function T = Ny — RY te Xi(w) is called a
Realization or Trajectory of the process (X)teT

Discrete time N=50 (steps) R=+0.5or - , Discrete time N=500 (steps) R=+0.05 or -0.5 [+ Start point XO =1

. N “ (Not random)

. @ The process X; is generated by
X using a Bernoulli Distribution
B(0.5).

. @ X;+1 = X + R(~ B(0.5)).
0{0.1,....50} t @ R=+0.5or —0.5 up-down

The figure above shows two different realizations of the time discrete
stochastic process X;. Passage from discrete to continuous case!
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SAMPLE OF CONTINUOUS-TIME STOCHASTIC PROCESSES

For any fixed w € Q a continuous Realization of the process (Xt)ie[o,1] is

constructed by generating random numbers for a discretization of the
continuous time-interval [0, 1].

Discrete time N=500 (steps) R=+0.05 or -0.5 Discrete time N=5000 (steps) R=+0.05 or —-0.5

7

L L L L 0
0 0.2 0.4 0.6 0.8 1

t

0 0.2 0.4 0.6 0.8 1

t
@ For the left-figure At = 1/500 and for the right-figure At = 1/5000.

@ Fort e (ty + jAt, ty + (j + 1)At) linear interpolation is applied.
@ Continuous means in the computational sense At << 1.
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MARTINGALE AND STOP TIME PROCESSES

Let # = (Ft)teT be a filtration and a reel process X = (X¢)ter such that
(i) X is ¥ adapted (i.e. Vt € T : X; is Ft — measur able), and
(ii) forallt € T : E(|X]) < oo.

@ X is called martingale with respect to the filtration 7, if

E(X|Fs) =X (a9

® Amap p: Q — TU {oo} is called stop time with respect to (¢ )ter, if

VteT:{p <t} eF.
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BROWNIAN MOTION (STANDARD WIENER PROCESS)

A one-dimensional Brownian motion (also called standard Wiener process)
is a real-valued stochastic process {W }>0, defined on a probability space

(Q, A, P) with filtration 7, indexed by nonnegative real numbers t with the
following properties:

QO W =0.
© With probability 1, the function t — W, is continuous in t.
© The process {W, }t>¢ has stationary, independent increments.

© The increment W; — Wy is normally distributed with mean zero and
variance t — Si.e

W, —Ws ~ Vvt —=sN(0,1), forall t>s.
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M-DIMENSIONAL BROWNIAN MOTION

Fort € T, m € N, a m-dimensional Brownian meotion is given as:
1 m\ "
W= (W, W)

where

@ Foralli=1,...,m, (V\/ti )teT are independent one dimensional Brownian
motions.

@ For 0 <ty <...<thy <tytheincrements (W, — W), ..., W, — W, )
are independent identicaly distributed (i.i.d)

The Brownian motion was first discovered by the Scottish botanist Robert Brown in 1827. The notion that the
increments of the Brownian motion are normally distributed is the source of immense scientific results, either in

stochastic analysis or in the interpretation of physical, biological, econometric models. We refer the reader to [2].
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Box MULLER TRANSFORM

Construction of normally distributed numbers

@ The Box-Miiller method takes independent standard uniform random
variables U; and U; and produces independent standard normals X; and
Xo using the formulas:

0 =2nU;, R=+-2In(U;), X;=Rcos(d), X, =Rsin(d). (4)
@ In other words from two random numbers U; , Uy € (0, 1] (generated by a

uniform distribution), we produce two independent standard normally
distributed numbers n; and np, namely:

N = v=2In(u;) cos(2rwy), Ny = =2 In(u;) sin(2wy). (5)

The Box-Miiller transform was suggested by George Edward Pelham Box and Mervin Edgar Miiller (1958)
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GENERATING RANDOM NUMBERS: Box MULLER TRANSFORM

Normality test: For N = 100, N = 1000,N = 10000 and N = 100000

N=100 N=1000

N=10000 N=100000

T T

The Gaussian behavior is clearly justified for large N
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SIMULATION OF THE BROWNIAN MOTION: ALGORITHM

The Brownian motion as a time dependent stochastic process:

LetO =1ty <t; <...<ty =T be an equidistant discretization of the time

Interval [0, T], i.e. tx = KA with A = % Since the BM increments are i.i.d and
normally distributed. we have

W, =W =0

W, =W, + RVAt where R~ N(0,1).

In order to simulate the path (a realization) of a Brownian motion, we note that
@ the values W, Vk =0, 1,..., N are per recursion obtained,

@ forallt e]ty, tx1[, W; are linearly interpolated.

Mostafa Zahri TETOUAN, 16-20 APRIL 2018 21/137



SIMULATION OF THE BM.

Using different time steps, the following figures shows for sample of the BM.

dt=0.1 dt=0.01

04 0.4
03

02
0.2

0
0.1
02 . o
= 0.4 = 01
-02

-06
-03

-08
-0.4
-1 -05

4 02 04 06 08 1 0 02 0.4 06 08 1
t t
dt=0.001 dt=0.0001
05 1
14
0 12
1
-05 08
;u ;‘—‘ 06
-1 0.4
02
-15 4
-0.2
-2 -0.4
0 02 04 06 08 1 0 02 0.4 06 08 1
t t
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SIMULATION PLANAR BROWNIAN MOTION

Two-dimensional noise-like process:
Using different time steps, the following figures shows for sample of the planar BM:

dt=0.001 dt=0.001

0.2 0.

0.8
I o6
0.4
0.2

0

-02 -16
-25 -2 -15 -1 -05 0 05 -12 -1 -08 -06 -04 -02 0 02 04 06
wit wil
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MuLTti-PLANAR BM

Overlapping two-dimensional noise-like processes:

The two dimensional plot of several planar Brownian motions by using different colors.
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INTEGRATION INSTEAD OF DIFFERENTIATION

The integration of the solutions in time is achieved by using the Itd6 formula in
integral form instead of the nondifferentiability (mathematical problem).

1.2

Non—differentiable path

1
0.8
0.6
0.4

0.2

Integrable curve

o

-0.2

—-0.4

The figure above shows a nowhere differentiable stochastic process and a
bounded area under the curve.

Therefore integration instead of differentiation.
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STOCHASTIC ITO-INTEGRAL

Let (Q, A, P) be a probability space with Filtration ¥ = (¢)icp. For T > 0, the

set At is the set of F-adapted stochastic process such that E( fOT ngs) < 00,
The Ito-Integral with respect to BM is given as:

t
2= [ ZeWe = fim 12l
0 —00

(similar to the deterministic case) where Z € At and

N
IN[Z]or = 3 Zova (Wonva = Wina), for 7 = {t}" : k=0,...,Nund| € N} a
’ ko1 B G B

discretization sequence of [0, t].

@ The limit ’\}im E(1{Z]ot — 1™N[Z]01)* = 0 exists in L?(P) and it is unique
forallt € [0, T]. (See [6]).
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STOCHASTIC ITO-INTEGRAL: USEFUL RESULTS

Consider a one dimensional Brownian motion and a non-necessary uniform

time discretization tx = sz_,,tO [to, T]. Then we have,

2n—1 2n—1 2n—1
D, lim I(Z_;)(Atk)z = lim kz_;) At AW, = lim kZ AW, Aty = 0.

2"—1 T
2). hm Z (AV\/tk)2 ds = (T —ty). (Convergence in L?)

to

where Aty =t — tk and AW, =W, — W, .
Per passage to the continuous case, this means

| dtdt = dtdW; = dWdt = 0]

| dWdW; = dt. |
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STOCHASTIC ITO-INTEGRAL: EXAMPLES

Using the definition of the 1t0, the following are one dimensional It0 integral
(OSI):

t n
/dwS - limZ(WtM—V\/t[):V\/t—Wo
0 "%
t n
/WSdWS = hmZ\Nti(\Ntm_\Nti)
0 A
n n
= lim > W AW, |(W)? - 2W AW = > (AW, )’
: i=0 i=0
1., 1 0
= =(W) ——11 AWt later !!!
2 2
i=0
~—_— ——
—t  (in L2)
1 1
= —(W)* - =t
2( k) 3

(Mearly the hehaviar af the cecand intearal ic different fram the Riemann_Qtieltiec
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ITO-INTEGRAL PROPRIETIES

@ [Linearity] Consider (Z{(I))teT, (Z{(Z))teT € At and K{, K, € R. For
1[ZM]gy = fot Zél)dWS and 1[ZP]o; = fot Zéz)dWs, it holds

1K ZW + Ky ZP o = K1 [ZW o + Kol [Z2P]y

@ [Martingale]

E([ZIotl7s) = 1[Zlos  YSt, O<s<t.

o [Ito Isometry]

t
Bzl = [ Zidu). v o<t<T,
0

@ [Continuity of ;] The process | [Z]ot is continuous with respect to t: It
exists a continuous process h; such that

P(hy=1[Z]os) =1 Vi, 0<t<T
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MULTIPLE STOCHASTIC ITO-INTEGRALS: MULTI-INDICES

FormeNand F = {0, 1,...,m}.For @ = (jy, ..., ]|) where |j € F and
1 <1 < |. We denote the size and the number of zero componentsof «

la) = £, number of componentsof a
N(a) := n, number of zer o componentsof a

The set of all multi-indices with respect to F is represented by

M= Flupy, 6)
=1

where v refers to the empty multi-index with size zero. The following example
gives more sense for the definition above:

EXAMPLE
For @ = (1,0,2) itholds {(o) =3 and n(a)=1.
For @ = (1,0,0,2,3,1,0,0) it holds (@) =8 and n(a) = 4.
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MSI: OPERATION ON MULTI-INDICES SET

@ (— operator). For @ € M with @ = (j, 2, ..., ). For| > 1, we define a—
and —a as follows:

a— = (]2 ..., J1-1) drop last component.
—a := (Jp,...,]J1) drop last component.
If (@) =1 > 1 then, it implies | (—a) = (=) =1 - 1.
If (@) =1 =1 then, it implies —@ = a— = v and | (—a) = |(a—) = 0.

@ (% operator). Let us consider @ = (j, j2,. .., Ji), 8 = (1,02, .. .,1k) € M.
The operator * is defined as:

(jlajza"-’j|ai1,i2,--.,ik) and
(1502w oy 15 25+ - o5 J1)-

ax*f
Bra
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UsEeFuUL STocHASTIC-PROCESS SETS

Define the set H as a set of stochastic processes ( fi)1>0, which are
progressively adapted to the associated filtration {7 }t>0), right continuous
and the left limit exists. Moreover, define the sets H,, H(g), H(1) as follows

QOH ={feH:Vt>ty |[f(tw)] <o as.},

t
QH(O)::{feH:Vt>to /|f(s,w)|ds<oo a.s.},
to

t
(s ] H) ::{fEH:Vt>t0 / |f(S,W)|2dS<OO a.s.}.
to
For | € F\ {0} one sets Hj) = H). Here H(,) is defined per recursion as

H(a) = {f eH: |(a_)[f(.)]t0,. € H(jl)}’ for j| eFandl > 2.
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UseFuL NOTATION FOR MULTIPLE STOCHASTIC INTEGRALS

Let us consider @ = (], J2, - - -, Ji) @ multi-index and (W, )t>0 an m-dimensional

Brownian motion. For f € H,), multiple It6-Integrals are defined per
recursion as follows:

f(t), ifl =0

t
lo[F ()it = /tOt lo-[f()]psds — ifl >1and j =0

/ loe[F()]isdWE, if 1 > 1and j > 1.

to
ExAMPLE
\Nto =t Ia,t = Ia[l]O,t
t ps
|(1,2)[f(.)]t0,t = /t t f(Z)dWZIdWsz,
0 0

t t S St
ool f Okt = / Loy [F()osds = / / / f(S)AWL dW2 ds.
to to J1o t

>
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MSI: RECURRENCE RELATIONSHIP

Recurrence relationship for l,, @ = (j1, 2, ..., jn) € M

THEOREM

Let us consider | € Nand a = (jy, ..., ji) € M. Fort > 0, we have

|
linthant = D Vati-iDeGiiienaint + D, Biiela—t1-i+10eisn, it
i=0 i=1

[

where Bjj, = 9jj,(1 — 60,j).

Recurrence relationship for l,, @ = (j, j,...,]) € M

COROLLARY

Consider |, j e Nand a = (|, |, ..., J) with [(@) = |. It holds:
| |t—l, for j =0,
at = ’ i .

FTOW Tt —tlapye)  for j > 1.
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MSI: SpeciaL cAsE @ = (], ],...,])

LEMMA

We have the following values of the multiple stochastic integrals for the special case
a=(}jy.--r]) e M:

1 1\2
LG = (l(,); )=§((Wt]) —t)-
i ) 1
lGijie = gOOMg“gm‘W)_“UM):fg(km:_SumJ)
1 2 2
I(f,j,j,j),t = 4'( Gt 6t|0)t+3t ),
1 5 3 2
Wi = ;(Io)t—lOtl + 15t |(j),,),
(s 4 212 3
WG = a(lmt—IStlmt+45t 12), - 158%),
1 7 5 2 3
Wi = ﬁ(l(,.)t—21t|mt+105t 3, - 105t |<,-),,).
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COMPUTATIONAL VALUE OF MSI

If th "and Wtj ? are two independent Brownian motions the MSI

t S1 . .
_ 1J1 ]2
I(.il,jz)lo,l _/ / dWy dWSI’
ty J1o

can not be evaluated exactly.
Some proposed approximation could be found in literature

@ One can use of the periodic concept of Brownian Bridge and the Fourier series
gives another approximation method.

@ direct evaluation of the variation given by:

tiv1

m=1 tit1 t; . .
NSNS /t /t AWy dW? = Z(W’1 WHWE —W2)  (13)
i=0 Y 0

@ other methods... Literature

Therefore, @ = (j1, j2,-- -, jn) € M for at least j; # jx components of a the MSI I,

has no exact analytical expansion, Thus approximation methods are needed.
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IT6 PROCESS, STOCHASTIC DIFFERENTIAL EQUATION

Let (W)teT be an m-dimensional Brownian motion defined on a (€, A)™ with

right continuous augmented filtration & = (F)tet. The process (X .. ., X1d) is
called Ito Process, iff it has the following form

t m t
iy [ ] A\
X=X+ ads  + ) [ bfdwl| (SDE)
to i=1 to
M —————
Riemann—integral Ito-integral

where foralli = 1,...,d,and j = 1,..., m; the drift Vector(a{)teqr and the

diffusion matrix (b't’j)teqp are ¥t adapted and satisfy ftOT aisds < oo and
T

—/to (b)?ds < oo as.

@ The (SDE) refers to the stochastic differential equation in integral form
and in differential form is given by

| dX; = a(t, X)dt + b(t, X,)dW |
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HIGHER ORDER ITO FORMULA

Let us consider the functional f : [ty, T] x RY — R with continuous partial

of 0% f .
derivatives —, — an — fori = 1,...,d. Moreover, consider a
ot ox ox'ox!

d-dimensional It6-Process (X;)teT, then we have,

t
f
f(t’xtl,---’xtd): f(to’xt}),--.,xtg)-i-/ %(le,.,_,xsd)ds
to
d st
of _
— (s X4, ..., XBdx!
+;/t0 ™ (CP,& dydxt
d t
1 0°f | . .
5”21/0 A (8 X X < XX >
where d < X!, X! >s= 3] bl’k(S Xs)bj’k(s Xs)ds
k=1
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ONE DIMENSIONAL ITO FORMULA

The one dimensional case d = m = 1 of the It6-Formula is given as

Lof of
0= 10 X0+ [ | Ses 0+ e X0+ 020 "1 s ds
t
of
bs_(s, Xs)dW.
to
Proof idea: By using the Taylor expansion of order two: (all convergence in L2)
21—
X)) = flao, Xeg)+ Y Aflt, Xey)
k=0
U PF o
= flig. Xep) + Z —Ark+ Z:: AX,,\ +5 2 527 (X))
%,_/
o Of e O ot OF 7f 2
=fo 574 =l S04 ds+[i o bsdWs ﬂ/It“ ;7,,;(,\.
! Pf 2,
+ Z Fram MicAXy + 5 Z —(Atk) Z Ry .
_ ——
—0 -0 —0
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ONE DIMENSIONAL ITO FORMULA: EXAMPLE

For f(t,Xx) = %XZ with Xy = W, and a; = 0, by = 1. Applying It6 formula:

df

1
Hence 7 dw?

%dt g—fdt b[Z—de b%af
%dt (1)—dW —(1)2(92
%dt Z—fdw %Zz—fdt
Z—de+§(;2—fdt

1 1 1
= WdW + Sdtand = [dWg = [ WsdWs + = [ dt Thus,

t
1
|t:/ WsdWs = (W2 —t)
0 2

We got the same result as by using the variational calculus.
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ExacT SoLuTtioN oF SDE

Let a (drift) and b (diffusion) are two measurable vector functions defined as
follows: a: [to, T] x RY — RY, b : [to, T] x RY — R¥™M_[f the d—dim SDE
with a F,-measurable initial condition X;, = I (RV), independent from o (W),

satisfies:
@ (Lipschitz condition) For t € [ty, T], X,y € RY and a constant K > 0:
la(t, x) — a(t, y)I| < K|[x =yl and [[b(t, x) = b(t, y)|| < K|Ix =y
© (Linear Growth) Fort € [ty, T], X € RY and a constant D > 0:
lat, )11* + [Ib(t, )1 < D + [|x[[).

then the SDE has a pathwise unique solution X; on [t0, T] with
E( sup |Xs|2) < 00,

to<<s<T
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SIMULATION OF ExAcT SoLuTiOoN oF A SDE

Consider the linear SDE: X; = aX;ds + bX;dW; with exact solution

X = Xy, exp ((a— %bz)t + bWt)

a=1.3, b=1.2, X=0.9, dt=10* a=1.2, b=13, X=1, dt=10%
0 [¢]
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BROWNIAN MOTION DERIVATIVES: WHITE AND COLORED NOISES

1t6 — Integral Gaussian (White Noise)
1 ti+1 d
=((AW;,,)? - At) = W, dW —W; =&
2 ' r,- dt
L
N & ~Z=NO.1)
W,
BM increment e N, Gaussian (Random Variable)
ti+1
AW[,' = Wli+1 - Wt,‘ WXdS = ZA,.
ti !
t3
AW, ~ N(0, VAt) Z ~ gN(O, 1)

The white noise as a stationary process has the following properties:

E(en) =0; Var(en) = 1o Covgn(®)n(9) = 0; ift=s

This noise is called white whenever one talks about uncorrelated (or independent) noise at
each pixel. White noise is the noise signal whose power spectrum is flat (the Fourier transform
of its covariance). Otherwise the noise is called Colored Noise.
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TIME SERIES OF WHITE AND COLORED NOISES

X Wiite Noise tine Series Wi te Noise Distribution
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RANDOM AND SToCHASTIC ODES, 'AGAIN’

Consider the RODE

d
o = a0+ b0og (14)

@ The noise in physical systems usual has a wide band spectrum, i.e. a A-correlated
stationary Gaussian process (tA, white noise limit as the time step A — 0.

@ The RODE (14) leads to the so called Stratonovich' SDE

[dX, = a(%) + b(X) o dW, | (15)

@ The Stratonovich SDE with a Wiener process can be rewritten as stochastic differential
system of equations

EXAMPLE

| ~ :
d—)t(:—x+sin(Wt)(:)d( )Y(: ):( Xt"‘OSlU(Yz) )dt+( (1) )th

lWong & Zakai (1965), Godin & Molchanov (2007)
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ParT Il

Numerical Schemes for SDEs

@ [t0 Taylor-Expansion
@ 116 Taylor Family Schemes (Strong and Weak convergence)

@ Analysis of Ité Taylor Schemes
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LANGEVIN EQUATION

Differential equations with noise Langevin used 'noisy’ differential equations
to model the particle dynamics of Brownian motion in the early 1900s:

dx

i a(t, x) + b(t, X)n, noise : 1 (16)

Gaussian white noise: many mathematical problems finally resolved by Itd in
the 1940s with the introduction of stochastic calculus
= stochastic differential equations (SDEs)

dx

rri a(t, x) + b(t, x)dWi, Wiener process : W, (17)

more regular noise = random ordinary differential equations (RODE:s)
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ONE-DIM ITO COEFFICIENT FUNCTIONS

ForY; = f(t, X;) consider the one dimensional SDE
dY; = a(t, X;)dt + b(t, X))dW,

The one dimensional 1td6 Formula is given by

dy; = LOf(t, X)dt + L' f(t, X;)dW,

Where the differential operators L? and L! are given as follows:

2
LO:—+ai+ lbza— and L! :bi

ot OX 2 Ox? ox’

———
due to E(AW; )=At
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MuLTI-DIM ITO COEFFICIENT FUNCTIONS
Given the 1t6 Formula for Y; = f(t, X;):

ot +Zatkﬂ +% Zd: Zm:b‘»ibkviaz—f}dt

d;

|
—_—
D
~+
=~
l
o5
X
>
x
1‘
T
D
x.
o))
X
>

m

L°f+ZLjdej,

=1

where fori = 1,...,dand j = 1,..., mthe It6 coefficient functions are:

d d m 2
0 0 1 s 0
L0 = = 4 k 2 L~ phipki 2
ot — & oxk 2 ki:llz; Oxigxk
d

- B
L] = Zbl’lﬁ.
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ONE DIMENSIONAL ITO TAYLOR EXPANSION

Consider the one dimensional Itd-Process X;, which satisfy the It6-Integral
equation: : :
Xt = Xy, +/ a(Xs)ds + b(Xs)dWs (19)
to to
where a and b reel valued smooth functions, satisfying time-growth condition
and f € C2(R,R). By applying the Ité6 Formula for f(Xs), it follows:

t 0 62
(06 = 106)+ [ [a06) 5106 + 3007 105 o

to

t
0
+ [ b( Xs)& f(Xs)dWs

to

t t
= f(XtO)+/ Lof(Xs)ds+/ L' f(Xs)dWs.

to to
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ONE DIMENSIONAL ITO TAYLOR EXPANSION: EXAMPLE

If f(x) =x e Rthen L°f =aand L!f = b the Itd-Taylor Expansion is given
in integral form as

t S S
X = Xt0+/ (a(Xt0)+/ LOa(Xz)dz+/ Lla(Xz)sz) ds
to

to to

t S S
0 1
+ /to (b(xt0)+ / LOb(X,)dz + / L b(XZ)dWZ)) dWs

to to

t t
X{O + a(XtO) ds + b(XtO) dWS + R1
to to ~—
Remainder

where the remainder term is given by:

t S t S
R = / / LO%a(X,)dzds + / / L'a(X,)dW,ds
to to to to

t S t S
+ / / LOb(X,)dzdWs + / / L'b(X;) dW,dWs.
to Jio to Jto ~———

Expand next
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By applying the Ito-Formula to the function L'b, we get(Milstein schemes)

t t
X = Xto + a(XtO) ds+ b(XtO) dWs

to to
t S
+Lb(X,) / dW,dWs + R
to Jo S~
Remainder

where the remainder term is given by:

t S t S
R = / / L%(X,)dzds + / / L'a(X,)dW,ds
to Jto tg Jto
t S t S z
+ / / L%b(X,)dzdWs + / / / LOL'b(Xy)dudW, dWs
to to to to to

t S z
+ / / / L' L'b(Xy) dWudW,dWs.
to Jto Jip —_——

Expand next

Don’t forget dtdt = dtdW; = dW;dt = 0 and dW;dW; = dt.
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MuLTi-INDEX: HIERARCHICAL AND REMAINDER INDEX-SETS

A set A of Multi-Index is called Hierarchical Index-Set, if the following
condition are satisfied

oA+ o,

@ {m=sup I(a)< oo,
aeA

@ —acA;, VYaeA\{v}.

For any hierarchical set A, we define the corresponding Remainder
Index-Set as:

B(A) = {a e M\{A} : —a € A}.
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GENERAL FORM OF THE ITO-TAYLOR-EXPANSION

THEOREM

Let p and T are two Stop-times such that ty < p(w) < 7(w) < T. If the
function f : [to, T] x RY — R and all its differential are smooth and. if the
partial differential of a and b exist, then for any set A € M follow the
stochastic Taylor-Expansion

f(r, Xr) = Z lo [ fa (o, X,o)] + Z lo [ fa(., x-)]p,‘r’ (20)

aEA, weB(A,)

v

Where the Ito coefficient functions are defined by

e _]f if ¢(a)=0;
L, if @) > 0.

fora = (j1,...,j1) € M and f e CN@@+n@) R+ « R R).
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STRONG AND WEAK CONVERGENCE

In the EM scheme, the numerical solution to the SDE, Y; converges to the exact
solution X;. We have to distinct between the following types of convergence :

@ (Path Approximation). We said that the convergence is strong of order
v if
lim E = lim E(]Y] - X]|)=0.

@ (Distributional Approximation). We said that the convergence is weak
of order y if

. . . Y _
Jim Ew() = lim_ ‘Eg () - Eg(Xt)’ 0.

Where Ny refers the number of the time steps used for the approximation, g
any polynomial function.
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CONVERGENCE THEOREM: SOURCE OF THE CONVERGENCE ORDER

Forl e Nand a = (ji, .

.., J1) it exists a positive constant K independent from
A such that

l(a)+n(a)

(E(IiA))% < KATE 1)

Moreover, for X a d-dim stoch. process sol. of SDE, a multi-Index @ € M and
f: [to, T] x RY — R satisfying If | f,(t, X)|* < K (1+ |X|2), the we have

E [l [fat X0Toal” < K (1+ EJx ) alterm 22)

Remark that the real number w =7y or {(a) + n(a) = y could be used as a convergence
order of the It6-Taylor approximation of SDE solutions.

@ So, we have to characterize the sets A, and B, (A, ).

@ Two types of convergence orders !!!
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CONVERGENCE THEOREM, CONT.

THEOREM

Consider the strong Ité-Taylor approximation Y2 = {YtA, telty, T } with
convergence ordery = 0.5,1,1.5,.... If

=

° E(X) <0 and (E(%,-YP) <KiaY

o [fo(t.X) — fat, V)| < Kalx—y|  Va € Ay, telto,Tland xy €RY,

o f,eC? and f,eH, VaeA,USB,

o [fo(t,X)| <Ks(1+1|X]) VaeA,UB,telt,T]and x € RY

then it holds
E (|xT —YTA|) < K4A,

where Ki,| = 1,2, 3,4. are real pairwise independent positive constants

(23)

For the proof we refer to Kloeden-Platten p. 3611T)
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ON THE CONVERGENCE THEOREM ASSUMPTIONS

The convergence theorem assumes that

@ the coefficient functions f, in the Taylor scheme are uniformly bounded
on RY: i.e., the partial derivatives of appropriately high order of the SDE
coefficient functions & b!, ..., b are uniformly bounded on RA.

@ However, this assumption is not satisfied in many important
applications:

@ Cox-Ingersoll-Ross models in finance with \4 € [0, 1]
dV = (B — Vdt + /MW

© Duffing-van der Pol oscillator with multiplicative noise:

dx! = Xx2dt
dx2 ( x4 BXE - (XL - (Xlt)zxzt)dt T+ o X2dW,

Proofs in the literature (e.g. in the monographs of G. Milstein)
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CONSTRUCTION OF MuLTI-INDEX SETS IN THE
ITO-TAYLOR-EXPANSION

Fory =0.5,1,1.5,2,... the set of Multi-indices A, is called Hierarchical
Index-Set if

A, ={aeM: l(a)+n(a) <2y or (o) =N(a) =y + %}.

@ Remark that the three assumption of a Hierarchical set are satisfied.

@ The construction of the corresponding remainder set is given by

BA,) ={ae M\A, : —a € A, }.

@ (Later) y will refer the convergence order the It6-Taylor family schemes.

Mostafa Zahri TETOUAN, 16-20 APRIL 2018 59/137



ExAmMPLES OF HIERARCHICAL AND REMAINDER INDEX-SETS

For F = {0, 1}, we have
@ If ¢, =0 (i.ey =0)then Ay = {v} and B(Ay) = {(0), (1)}.
@ If ¢, =1 (i.e y =0.5) then Ay 5 = {v,(0),(1)} and

B(Ao.s) = {(0,0),(1,0),(0, 1), (1, D}.
® If ¢, =2 (i.ey = 1) then A; = {v,(0),(1),(1,1)} and
B(A) = {(0,0),(1,0),(0,1),(0,1,1), (1,1, 1)}.
@ If ¢, =3 (i.ey = 1.5) then A5 = {v,(0),(1), (1, 1),(0,0), (1,0),(0, 1), (1, 1, 1)} and

B(A15) =
{(0,0,0), (1,0,0), (1, 1,0), (0, 1,0), (1,0, 1), (0,0, 1), (0, 1, 1), (0, 1, 1, 1), (1, 1, 1, )}.
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HIERARCHICAL INDEX-SETS, CONT.

Ao = {v}
v =0.5 Euler-Maruyama
HAos = {n(0).(1)}
v = 1. Milstein/ Taylor
Ao = {v0).1).0A 1D}
v =1.5 Taylor
s = {n(0).(1).(1,1),(0,0),(1,0).(0, 1), (1,1, 1)}
v =2 Taylor
HAro = {v, (0), (1), (1, 1), (0,0), (1, 0), (0, 1), (1, 1, 1),

(1,1,0),(0,1,1),(1,0,1),(0,1, 1), (1, 1, 1, 1)}
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ITO-TAYLOR FAMILY SCHEMES: STRONG CONVERGENCE

The strong It6-Taylor scheme of order y = 0.5, 1, 1.5, 2,...is given by

Yoo =Ya+ > Ll faltn Yokt (24)
a€A,\{v}

forn=0,1,2,..., and the initial value Yy = &.
M= U{e= (..l eF L e{l,2,..}}.

Mostafa Zahri TETOUAN, 16-20 APRIL 2018 62/137



EXAMPLE OF ITO-TAYLOR SCHEME ORDER 1.5

Consider the autonomous case dX; = a(X;)dt + b(X;)dW;.
An example of It6-Taylor scheme for a d dimensional Itd-Process X; and an
index set M = {1, ..., m} (i.e mdimensional BM) is given by:

m
Yo = Yo+ LIt + D 10D ), (25)
j=1
m . .
+ 0 LR 0, (26)
j1.j2=1
m ) m )
+ > 1ol aMk, . + D 1op LD )k, ., (27)

j=1 j_l
m
+ 2 loolaM)h,., + Z 1 [L L D2 (YT - (28)
=1 Joija=1
Euler Maruyama (25), Milstein (25)-(57) and Taylor of order 1.5 is represented by (25)-(28).

Mostafa Zahri TETOUAN, 16-20 APRIL 2018 63/137



THE ONE-DIMENSIONAL ITO6-TAYLORy = 1.5, (d =m= 1)

LlaX)ltsn =

I(l)[bl(xn)]tn,tnn =

l(l,l)[lel(tns Xn)]tn,t,,ﬂ =

Loy lL a0k et

Recall Lo=2

Mostafa Zahri

a(X,)At,

In+1

b'(X,) dw;
In

b(X) AW,

1 Th+l
‘6b (X)/ / dw!aw!

00X 22X (1AW, 2 - At

b(xn)—(X)/ /dW dit

1
b(xn)ﬁ(xn)Azm AZ, ~N (0, §<Atn>3)

L' =bZ.
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THE 1-DIM CASE IT6-TAYLOR ¥ = 1.5, (d = m = 1) coNnT.

Lo, [LO0" X)) rt s

62b Th+l
it K2
(aax 2b 6x2)( n)/ / dsdW,;

ab 1,0%
(a& Eba 2

) (Xn) (At, AW, — AZ,))

L0.0)[ L0 1011

th+l t
L%(X,) / dsdt

_(.0a 1 262 )
- (a&+2 az)(X) (Aty)
LU (X)) = LL'b / / " W, dw, dw,
T" n T"
_ ab 262b (AW,,)? A,
= (b(ﬁ) )(Xn)( e "3 AW,
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STRONG EULER-MARUYAMA ScHEME (1955), ¥ = 0.5

Consider the Geometric Brownian Motion, which satisfies the SDE

Xo=¢
dX; = AXdt + X dW

where A is called the percentage drift and u is called the percentage volatility.
The exact solution is

X = Xoexp (4 £t - )

Numerical solution: for Ay s = {v, (0), (1)} (i.e £{; = 1), we define the
Euler-Maruyama scheme

Xo=Yo=¢&
Yn+1 = Yn + /lYnAtn + /.lYnAVth

Where Y, in the numerical approximation of the exact solution Xy, .
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NumERICAL SiMmuLATION OF GBM BY usING EM.

EM for dt=50/1000 EM for dt=10/1000

Exact Sol.
Il ®  EM Approx,

6k

s

o} 0.2 0.4 0.6 0.8 1 o} 0.2 0.4 0.6 0.8 1
t t
- EM dt=1/1000 Milstein CCOy=0.5013
35 10°
P Slope of the
3032 ﬂ i i Regression
X25 0.92 093 0.94 095 096 0.97 B Ilne 05130 ___.
= 107'F _e--"""
20 w e ---
15 e---"""
10
5
o 107 L
o} 0.2 0.4 0.6 0.8 1 10 . 10
t Time Step

Where dt = 1073 is used to simulate exact solution.
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GENERAL FORM OF EM SCHEME

Consider the SDE

Xo=¢&
dX = a(t, X)dt + b(t, X)dW

Numerical solution: for Ay 5 = {v, (0), (1)} (i.e £; = 1), we define the
Euler-Maruyama scheme

Xo=Yo=¢&
Yot+1 = Yo + a(tn, Ya)Aty + b(tn, Yn) AW,

Where Y, in the numerical approximation of the exact solution X;, and

trr1
Atn = / dt
ty

trr1
AVth = / dWs .
t

n
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STOCHASTIC MILSTEIN SCHEME (1974), ¥ = 1

For A; = {v,(0),(1),(1, 1)} (i.e £{; = 2), we define the Milstein scheme

Xo=Y=¢
Yoe1 = Yo + a(ty, Ya)Aty + b(th, Ya) AW, (29)

1 ob 2
+ Eb(t"’ Yn)&(tn’ Ya) (AW, )™ — Atn)

Where Y, in the numerical approximation of the exact solution X;, and the
additional (to E.M) is

tn+1 t
fanlan = le(tn,Yn)/ /dwsldvvtl.
th t,

The Milstein method is a first order Itd6-Taylor method. It is derived from a truncation of the
stochastic Itd6-Taylor expansion of the solution.
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NumMERICAL SIMULATION OF GBM BY USING MILSTEIN.

Milstein for dt=50/1000

Exact Sol.
e Milstein Approx

0.2 0.4 0.6 0.8
t

Milstein for dt=1/1000

u
0.540.560.58 0.6 0.620.64

Milstein for dt=10/1000

2.2

Exact Sol.

e  Milstein Approx

10°

0.2 0.4 0.6 0.8 1
t

Milstein CCOy=0.9614

Error

107 F

107

Slope of the
Regression
line 0.9614

107

Time Step

Where dt = 1073 is used to simulate exact solution.
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STOCHASTIC TAYLOR SCHEME WITH ORDER y = 1.5

For A5 = {v,(0),(1),(1,1),(0,0),(1,0),(0,1), (1,1, 1)} (i.e £; = 3), we define
the It6-Taylor scheme with order y = 1.5:

Xo=Y=¢

1 ab \
1/ da 262 2,
E(a& +1p )(At) b&AZtn

2

( —b2‘9 b)(AtnAvvt AZtn)
1/, (db 262b )
5(b(&) ‘b )( (AW,) Atn) AW, (30)

Where Y, in the numerical approximation of the exact solution X;, and AZ; is
a normal distributed random variable AZ; ~ N(O, %(Atn)3)
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NumMERICAL SIMULATION OF GBM BY USING TAYLOR.

Taylor for dt=50/1000

— Exact Sol.
[| - Taylor Approx

o 0.2 0.4 0.6 0.8

t

Taylor for dt=1/1000

2,00

1751
0.26 0.28 0.3 0.32 0.34 0.36 0.38

Error

Taylor for dt=10/1000

— Exact Sol.
7H - Taylor Approx
ok
sk
X
ab
sl
A
10 0.2 0.4 0.6 0.8
t
Taylor CCOy=1.4622
107
- o -
107 /,//
/./
0"/
107
10 .
Time Step

Where dt = 1073 is used to simulate exact solution.
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CoMPUTATIONAL CONVERGENCE ORDERS

CCO for EM, Milstein and Taylor

Error

_e-" " Tayl or y=1.4622

107° 10

Time Step

Increasing the number of discretization time-points and the number of simulations leads to the
best estimation of computational convergence orders. In our cases, we have used a time step
dt = 1073 and M = 1000 simulation for each numerical simulation.
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STRONG FIRST ORDER RUNGE-KUTTA METHOD

In the Milstein scheme, the replacement of the first derivative of the diffusion
bx by

b(X:, + b(X:,)VAtn) — b(X,)
b(Xt") VAtn
leads to Strong Order 1.0 Runge-Kutta Method

ob
&(th) ~

Xo=Y=¢
Yos1 = Yo + @(Yn)Aty + b(Yn)AW,, €1y

1 (AW, ) = Atn)
+ 3 (b(¥ + b0 VAL) - b(¥:)) VAL
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WEAK APPROXIMATION OF SDE

For f =1,2,... the set of Multi-indices ﬂg is called Hierarchical Index-Set
for the weak approximation if

Ag ={a e M: l(a) < B}

The weak approximation of the solution of a SDE is given by

X=Yo=¢
Yo= D lalfolte ¥%,)] (32)
aeﬂ‘é’

Convergence with weak order § requires the regularity of the drift vector-function a and the
regularity of the entries of the diffusion matrix b. This is necessary to ensure that f, are
Lipschitz and have bounded linear growth.
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WEAK TAYLOR SCHEMES, 5 =1 AND 5 =2

For A; = {v,(0),(1)} (i.e {; = 1) (the same as by the strong scheme), we define the Weak
Euler-Maruyama scheme with order 8 = 1

Xo=Yo=¢
Yor1 = Yo + a(Yp)At, + b(Y,)AW,, (33)

Where Y, in the numerical approximation of the exact solution X;, .

For A, = {v,(0),(1),(0,0),(0,1),(1,0),(1, 1)} (i.e £; = 2), we define the Weak Taylor with
order 8 =2

Xo=Yo=&
1, b ,
Yol =Y, + aAt, + bAWT,, + = b ((AWT,,) - Atn)
oa

%(aa— §b26 2)(At)2+ba AZ,
( 5b2g 5)(AtnAW,n —AZ,n)

(34)
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CCO Fror WEM AND WT

10
10° . ®
S Weak Taylor .-~
= — i J
L B—1.9937/ .
10 -7 /’,/”
o &
.-~ _ 4~ WeakEuler
*/:’ - B=0.9996
107
10° . 10”
time—-step
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NUMERICAL SoL. oF TWO-DIM. SYSTEMS OF SDE

Given the two dimensional system of SDE
2
dxk = af(t X)dt+ Z Do X )dW, Xk = ¢
j=1

For F = {0, 1,2} and A; = {v,(0),(1),(2),(1,1),(1,2),(2,2),(2, 1)}, we define the two
dimensional Milstein scheme as

Y, = Y'+alAt,+b AW +bb2AW2
(b”aabl bzlab )'<11>+(b1 T b2laab122)l“’2)
Y2, = Y2+alAt, +bAAW! + b22AW2
(b' '6abx +b 6abzzl) i + (bl laabzl b 6ab 2 ) a2
+(b1266bx b226b21)|(21) (bl,z%wz,zaabx’z)uzz)
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COMPUTATION OF DOUBLE ITO INTEGRALS |(j1,jz),Atn

For the numerical computation of 1(j, j,)at,,» we have to distinct:

Case I.(ji=J2=1))

1 )
iy, = 505~ At) = ((AV\/t’n)2 - Aty). (36)
Case 2. (J1 # j2)
1
i, = 5AtnR1R2+Atn\/P_p(R3R2—R4R1) (37)
At
+o Z ~(Rs(VZR, + Ry) = Re(V2R; + Ry)).
T

r=1

where R fori = 1,..., 8 (i.i.d) are standard normal distributed random
variables and pairwise independent. The coefficient pp could be

approximated by
1« 1
T o2 Z 2
r=p+l
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MiLSTEIN FOR SYSTEMS OoF SDE, SIMPLIFIED NOTATION

In order to be able to define the Milstein for a system of differential equation with n equation,
we use the following notation

- 0 0
- 11 9 21 9 |,
(b 6x"b 6x2)’
- 0 0
[2 = 12 9 22 O |,
(b 6x"b 6x2)’
for i,j=1,2
b = (0", b?); b = (b, b*); b = (b, b)
AW, = (AW, AW2)".

Thus the two dimensional Milstein scheme is

Y! +alAt, + b AW,

FDB 1y + £'B 210

$02BM 1 + L2610,

Y2, = Y?+aAt, + b2 AW,
+L'0* My + L'B*2 (1)

+|:262’1 |(271) + |:2E)2’2|(2’2).
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MILSTEIN FOR SYSTEMS OF SDE, CONT.

the three dimensional Milstein scheme as

Yl

Mostafa Zahri

n+l

n+l

n+l

Y! +alAt, + bb AW,

+L'B" gy + LB 1) + LD 113
+L2B" 01y + £2B" 21 a0) + L2D"31 03
+030" 5 p) + L2021 50 + 2D 33
Y2 + a’At, + B> AW,

+L'BP My + B2 1) + L'BP3 113
+020% M 01y + L2072 00) + L2073 103
+030% 50y + 307250 + L3031 33
Y2 + &At, + b AW,

+L'B 1y + LB 1) + LB 113

+|:2E)3’l |(2’1) + |:263’2|(2’2) + |:263’3|(2’3)

+030 5 + Db¥15) + L6> 13 3).
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THE DETERMINISTIC LORENZ SYSTEM

Lorenz simplified some of the Navier-Stokes equations in the area of fluid dynamics, and
obtained the following non-linear three dimensional ordinary differential system:

dx = ply(t) - x(1)), (38)
Oy rx(t) - y(t) - x(t)z(t),
0z X(t)y(t) — cz(t),

where

@ the parameter p is the Prandtl number in a dimensionless parameter of a convecting
system that characterizes the regime of convection

Qr = I%“C is the quotient of the Rayleigh number and critical Rayleigh number
@ bis a geometric factor

@ Lorenz used the values p = 10,r = 28,¢c = %
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THE STOCHASTIC LORENZ SYSTEM

The stochastic differential lorenz system (SDE) given as:
dX; = a(t, X;)dt + b(t, X;)dW, Xo = ¢, (39)

where
@ a:[t, T]x R4 — R4 represents the drift vector,
@ b:[ty, T] x R?Y — R™*9 the diffusion matrix
@ (X))sefr, ] is a d—dim reel valued stochastic process solution of SDE (2?).

@ (Wy)ie1,1) is a three dimensional Brownian motion.
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A STOCHASTIC LORENZ SYSTEM

We numerically examine the performance of the Milstein scheme for solving
the stochastic Lorenz system. Where

@ The drift is the usual deterministic part of the Lorenz system of the
differential system of equations (
refsdels).

@ The diffusion matrix is given as:

b:TxR — RS, (40)

111
b(t,x(t),y(t),z(t)):/l(x(t)+ y(t)+z(t)) 111
111

Where 1 << 1 is a stabilization factor.
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MILSTEIN SCHEME FOR THE STOCHASTIC LORENZ SYSTEM

For constructing the numerical Milstein scheme, let us consider the three dimensional index
set F =0, 1,2, 3, then the corresponding Hierarchical set A is

A = {v, (0), (1), (2).(3).(1,1),(1,2),(1,3),(2,2), (2, 1),(2,3). (3,3). 3, 1), 3, 2)}

The Milstein scheme can be derived from the stochastic Taylor expansion:

3 3
Ynl+l = Ynl +al (tn, Yn)A + Z bl’j(tn, Yn)AWzJ,, + Z L/t bl’jz(tn’Yn)l(il,jz)
J=1 J1j2=1

3 3
Yr12+l = Yr12 + az(tm Ya)A + Z bz’j(tn’ Yn)AWtJn + Z L7 bz’jz(t"’Y")l(il,jz)

J=1 Jij2=1
3 ) 3
Yrf+1 = Yn3 + a3(tm Yo)A + Z bl’](tn’ Yn)AWtJn + Z L b3’]2(t"’Y")|(il,j2)
J=1 Jij2=1

where A is a time step of the scheme. We deal here only with a fixed time step.
Componentwise, we have
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()

mean[z]

SIMULATION OF THE STOCHASTIC LORENZ SYSTEM: THE
ATTRACTOR

A=0.005 A=0.005 A=0.05

mean[z]
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SIMULATION OF THE STOCHASTIC LORENZ SYSTEM:
TiME SERIES X(1)

It is important to note that the component of diffusion matrix (40) are correlated. Therefore,
the fact that mean behavior of the SLA tends to converge to a stationary state.

A=0.05

A=0.005
oaf |

t
A=0.05

stdy]

sty

t

t

stdfy]
i B

T

(first row) First component (X(t)) of SLA (solid line) and the corresponding mean (red line).

(second row) the corresponding standard deviation of X(t).
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CoNcLUDING REMARKS

o

The Milstein scheme converges with strong order y = 1 and weak order
B = 1. It has a higher order of convergence in the strong sense than the
Euler-Maruyama scheme, but gives no improvement in the weak sense.

The Milstein scheme does not correspond to a stochastic Taylor
scheme for an hierarchical set for the week convergence.

Pathwise convergence was already considered for RODEs and is also
interesting for SODEs because numerical calculations of the random
variables Y, in the numerical scheme above are carried out path by path.
(P.E. Kloeden and A. Neuenkirch, The pathwise convergence of approximation schemes for stochastic differential equations, LMS J. Comp. Math.

10 (2007))

It6 stochastic calculus is, however, an LZ or a mean-square calculus and
not a pathwise calculus.

For the week convergence and their construction especially Hierarchical
sets, we suggest the monograph of Kloeden, Peter E., Platen, Eckhard
Numerical Solution of Stochastic Differential Equations.
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OuTLOoOK GRADUATE-LECTURES

(]

More details about stability, consistency and scheme properties

(7

Implicit schemes and relationship to stability

©

Multistep stochastic schemes for SDEs

©

Extrapolation (Richardson-like) stochastic schemes for SDEs

©

Variance Reduction: Reduction of the number of sample for getting same
results
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PART Il

Numerical Schemes for SPDESs
@ Stochastic Method of Lines for solving SPDEs
® Domain decomposition method for SPDEs

@ The Wick-Method for solving SPDEs
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(*)]

o

o

Method of lines for SPDEs

A. RoBler, M. Seaid, M. Zahri, Method of Lines for Stochastic Boundary-Value
Problems with Additive Noise Appl. Math. Comput., Vol. 199, No. 1, 301-314 (2008).

M. Zahri, Stochastic diffusion problems: Comparison between Euler-Maruyama
and Runge-Kutta schemes, Jour. Num. Math. Stoch., Vol. 1, pp 65-76, 2009

A. RoBler, M. Seaid, M. Zahri, Numerical Simulation of Stochastic Replicator
Models in Catalyzed RNA-like Polymers, Math and Computers in Simulation Vol. 79,
Issue 12, P. 3577-3589 (2009)

K. Mohamed, M. Seaid and M. Zahri, A finite volume method for scalar conservation
laws with stochastic time-space dependent flux function, Journal of Computational
and Applied Mathematics, Volume 237, Issue 1, 1 January 2013, Pages 614-632

M. El-Amrani, M. Seaid and M. Zahri, A stabilized finite element method for
stochastic incompressible Navier-Stokes equations, International Journal of Computer
Mathematics, Volume 89, 2012 - Issue 18
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THE METHOD OF LINES FOR SOLVING SPDEs

The algorithm of the MOL for deterministic evolutionary PDE is based on

@ replacing the spatial derivatives in the PDE with algebraic
approximations: The approximations methods finite difference, finite
element, or finite volume methods could be used for the spatial
discretization.

@ the PDE is no-longer dependent from the spatial derivatives.
@ transforming the PDE to time dependent system of ODE.

@ solving the time dependent system of ODE by using classical numerical
approximations.
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THE METHOD OF LINES: ILLUSTRATION

@ Discretize the space

@ Change the SPDE to a system of
linear SDE

@ The System SDE is time dependent
system! Only

Time Evolution of U
Space Evolution of U

|_»@ Integrate the SSDE

!

@ We get one realization of the solution

@ repeat the process until the results are
‘reasonable’
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MEeTHOD OF LINES FOR SPDEs: Two-DIM. EXAMPLE

Given the two stochastic Advection-diffusion problems with additive noise of
the following form:

AU — V(d(x)Vu) + a(x)Vu o(x)W(t, x), 41)
ut,x, w) 0, (t,x,w) e [0,T]xdD x Q,
u0,x,w) = u'(xw) (x,w) € DXQ,

where

@ d(x) := d(X, y) represents the diffusion a(x) := a(x, y) the advection
coeflicient function in the X- and the y-directions,

@ W(t, x) := W(t, X, y) = (W(t, X), Wy (t, y)) is a two dimensional random
process representing a forcing term

@ o (X, y) is a correction standard deviation.
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MOL: EXAMPLE CONT.

Using a second order central finite difference method, the SPDE (41) could
be discretizedas (i =1,...,n,j=1,...,m)

Uitj(t) = 2U;(t) + Uiy (t
dUi’j(t) _ (dx I+1,j() |,j(2) i 1,]()
(AX)
Ui j+1(t) = 2Ui j(t) + Ui j-1 (1)
+d, 5
(Ayj)
Uiy j () = Uiy i (1)
" (A%)
i )A 1 1 ))dt FodtdW(t, X, ) (42)
(Ayj)
The system (42) can be written in the following stochastic differential form
dU; j(t) = F(t, Ui j()dt + G(t, Ui j(£)dW;", 43)

For numerical solving of the SDEs the class of stochastic Euler-Maruyama and
Runge-Kutta schemes could be used.
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MOL: StocHAsTIC RUNGE KUuTTA

The s-stage SRK method applied to the SDE (42) is given by

s M s
Vel = Y+ 3o F(ty + G ALH) At+ Y Y BiGH(t) fr)
i=1 k

=1 i=1
YO = Xt()’
where the SRK stages are defined fori = 1,...,Sas

H; =Y, +ZA1, F(t, + ¢ At, H)At+ZZB,]G(tn)I(,)

=1 j=

(44)

(45)

The random variables Qk) used by the SRK method are, for example, independent identically

N(0, At) distributed or simply independent identically distributed with probabilities

P(l=+V381) = Land Pl =0) =3, k=1...M.
(We refer to the Works of Andreas RoBler [10, 11]).
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MOL.: StocHAsTIC RUNGE KUTTA, CONT.
The considered error of the weak SRK approximation Y is bounded as
[(w00) = (wevn)| < o (av?
with some constant Cy, > 0 for all functionals ¢ € Cg(RM , R) with polynomial growth and

sufficient small time step At.
The Butcher tableau of the SRK with the number of stages S = 2 is

0/]0 0]0 O
1{1 0|1 O (46)
.
One can generate M of realizations for simulating the solution Ylﬁ,m) form=1,..., M, and to

estimate the expected value of the solution Yy at final time T one can use:

1 M

=~ M 24 v (Y](\,m)) .

(wer)
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MOL: EM vs. RK (THREE SIMULATION)

T-100, EM T-500, EM T-1000,EM

@ Contour of the solution using EM (first row) and RK schemes (second row),
@ Similar behavior of the solutions EM vs RK
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MOL: EM vs. RK (MEAN SOLUTION)

-

Contour of the fnean solutlon of EM-Simulations and RK—Simuiations (second
row). (T = 100, 500, 1000 represents the number of time steps, M = 1000
refers the number of realization)

@ Contour of the mean solution using EM (first row) and RK schemes (second row),
@ Different behavior of the solutions EM vs RK. EM is more diffusive than RK

@ The diffusibility is an important factor for stability of the solution.
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Numerical solution of stochastic partial
differential equations (SPDEs) with additive
noise on overlapping subdomains

@ M. Zahri, Barycentric interpolation of interface-solution for solving stochastic
partial differential equations on non-overlapping subdomains with additive
multi-noises, International Journal of Computer Mathematics 2018, VOL. 95, NO. 4,
645-685

@ M. Zahri, Numerical solution of stochastic partial differential systems with additive
noise on overlapping subdomains, 7th International Conference on Approximation
Methods and Numerical Modelling in Environment and Natural Resources
(MAMERN17 VII-2017, Oujda, Morocco, 17-20 May 2017), B. Amaziane et al. (Eds.),
pp- 198-201.

@ M. Zahri, Interface interpolation of the parallel Schwarz method for solving
Dirichlet IBV systems, (under review)
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MoTIVATION

@ Alternating Schwarz method (Schwarz 1870, ASM) and Parallel Schwarz
method, (Lions 1988, PSM) for solving deterministic PDEs!

(A) Non-overlapped dom. (B) Overlapped dom.

ABBILDUNG: Non-overlapping noises (left), Overlapping noises (right)

@ ASM: The solution in D; is a Boundary condition of the Sol. in D, and vice
versa = weak for stochastic partial differential equations (SPDEs).

@ PSM: The noise separation of the non-overlapped subdomains leads to
the construction of higher order method for approximating SPDEs.

@ PSM: The changes in the overlapped region is not an alternating process like in
the deterministic case? How to deal with the new function!
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Numerical solution of SPDEs with additive noise on non-overlapping
subdomains

PART |
@ Modeling of SPDS on non-overlapping subdomains
@ The equivalent problem
© Barycentric interpolation method (BIM)
© DDM-MOL-BIM descritization of SPDS
Q@ It6-Taylor family schemes

©Q Numerical experiments

More details about the result of this work could be found in:

@ M. Zahri, Barycentric interpolation of interface-solution for solving stochastic
partial differential equations on non-overlapping subdomains with additive
multi-noises, International Jour. of Comp. Math., March 2018. VOL. 95, NO. 4,
645 — 685
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MODELING OF SPDS ON NON-OVERLAPPING SUBDOMAINS

Initial Problem
Assume that u is the exact solution of the following stochastic
advection-diffusion problem with additive multi-noise:

m
w = V-(dVu)+a-Vu+ Z X (t, x, )kt x, w),
k=1
ut,x,w)=0, (txw)e[0,T]xdDxQ,

u(0, x, ) = u’(x, w), (x,w) e DxXQ,

(47)

where the domain D is a closed subset from R? with smooth boundary, the
input matrix d = d(x) := d(X, y) represents the diffusion matrix function in
different directions, the coefficient a = a(x) := a(X, y) is the velocity field in

the x- and the y-directions, X(t, x) is an time-space white noise process
representing a forcing term, which also depends on the spatial coordinate,
o X(t,x) is a time-space correction standard deviation for k = 1,..., m.
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MODELING OF SPDS ON NON-OVERLAPPING SUBDOMAINS

Domain decompositions (Three subdomains)

® Two domain decomposition of the domain D
@ I';3 and I'; 3 are interfaces of the subdomains Ds, =1, 2,3

@ Solutions of SPDE on D and on D; U D, U D3 are equivalent !!!

D2 D
T .
b S A b w
s )
(A) Domain D (B) Eye-Cut (c) Colon-Cut

ABBILDUNG: Type of horizontal nonlinear interfaces.
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MODELING OF SPDS ON NON-OVERLAPPING SUBDOMAINS

Equivalent Problem in case of two noises

@ Non-overlapping subdomains Dg C R2: DsN Dy = s, S#T

@ Stochastic process US: [0, T] X Dsx Q — R, 51 =1,2,3

o (U 1, U?, U?) the exact solution of the linear SPDS:
Ul=v.-(d,vUY)-a,-VvU' + o', on D,
U=V -(hVU?) —a-VU>+ 0%, on Dy, (48)
U=V -(hVU) —a; - VU + %, on D,

where for s = 1, 2, 3, n°, are non-necessary correlated Gaussian white noises
and ag, ds are advection and diffusion coefficients, oS standard deviation.
In the equivalent Problem

@ I';3 and I'; 3 are boundaries of the subdomains Ds, s=1,2,3
@ How to approximate US on I'j 3 and I'y3 for s= 1,2, 3.
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DD EQUIVALENT PROBLEM

The DD problem is transformed into a system of the form:

Ul =dAU' -aVU! + o'y! on 9Dy,
U? = LbAU? - a,VU? + 02p? on D, (49)
U = &AU? — a3 VU? + o] on Ds,

where the interface solution satisfies

wHB=U2=U! on T3 w?=U=U?on TIy;

@ How to approximate w'> and w>? ? to obtain
@ Equivalent Problem: Solving U on D (initial problem)

@ such that US =

U |p,op, fors=1,2,3and U®=w |arl’2.

Comparing the initial prob. with DD one is an interface-problem!
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BARYCENTRIC INTERPOLATION METHOD (BIM)
GRAPHICAL ILLUSTRATION

Interpolating the interface solution of SPDEs

Column 1
rly
3

Column 1
2

(A) Point on Linear-interface (B) Point on Non-linear-interface

ABBILDUNG: Graphical illustration of the BIM method.

Which neighbors grid points are candidates for the BIM method !
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BARYCENTRIC INTERPOLATION METHOD (BIM)

NEIGHBORS GRID-POINTS SET Nlrj AND COEFFICIENTS SET Ci’j

For m € N, define the neighbors grid-points index set Ni”; as

N :={(i+a]+b)lal = |b|=mabez}, (50)

The coefficients set o j- € G j C]0, 1], are

Cij = {(1—2@) ’(1—2a) ’(g) ’(g) ,
4 12,2 4 )i 2 2/i+1,j-1 \2/i+1,j+1
(I—Za) (1—2@) (gﬂJr) (g) }
4 g\ 4 )i\ 27 S\ 2 iy |

and satisfies the following convex combination

Z Qi+ j+ = Z aj+j+ = L. 51

;r,j+€Cyj (ij*)eN] ;UNZ,
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BARYCENTRIC INTERPOLATION METHOD
DomAIN DEcomPosITION SoLuTioN UPP

Under appropriate conditions on IS U in L2(D), there exist a unique solution

UPP in C(T, L*(D)) N L*(0, T; H)(D), such that

3
UPP(x1) = WD, + Z US(%, Dl m,»

s=1
where U? is the solution of the sub-problem sfor s = 1,2, 3.
The non-overlapping interface solution is

w(xi,0) = UPP(xi},0) = U%xij,0),

and fort > 0, we have

B 1 2
(@i*] )eNi’juNi’j

The initial and Dirichlet boundary conditions are

US(x,0) =U(x,0)|, for s=123.
Us(x,t) =0 for (x,t) € 0D xT.
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DDM-MOL-BIM DESCRETIZATION OF THE SPDS

@ Finite differences and the: forward in time centred in space (FTCS),

@ Constant temporal step At. Ansatz AX = Ay.

@ The method of lines (MOL): System (49) = Semi-linear system of

systems:

dUS(®) = [(-22)US®)+ 5 UI O+ 3 2BHUS, M

+2USJ L)+ ,8 UZ, [dt + G3(t)dWy
where sS=1,2,3 and

@ G3(t) Diffusion matrix, dWS Brownian motion vector,

2dAt a a
= —,= 1-— —AX, d + = 1 —AX
(Ax)? pgh%and B =14 o4

The resulting system (55) is a time-problem!
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DDM-MOL DESCRETIZATION OF THE SPDS

STOCHASTIC PARTIAL DIFFERENTIAL SYSTEM (ITO SENSE)

In the framework of numerical stochastics: From (55) we obtain

du'(t) =K't U t)dt + G'(t)dWl(t) on D\ Ty,
dU%(t) = K3(t, U%(t))dt + G*(t)dW?(t) on D, \ Ty,

dU3(t) = K3(t, U3(t)dt + G3(t)dW3(t) on T,
wh o =UP=U! on Ty w»?=U}=U?on T,

Which is equivalent to
dU(t) = K(t, U(t))dt + G(t)dW(t) on D,
where
o K5(t, US(t)) is the drift vector, fors=1,2,3, > K=K |

Ds\0Dg *°

@ G3(t) is the diffusion matrix, fors=1,2,3, = G*=G | pom, -
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ITO-TAYLOR FAMILY SCHEMES

For s = 1,2,3 and U§ = &y, and U] approximation of U®(-, tn) for a given time
discretization At = ty; — ty. The [to-Taylor for the system (49) is...

US
jeF)

+ 0 1GpIUGE U,
(i-))eF2
£ loUKSE U],
(j,0)eFLx{0}
) lepll’Gt Udlx,
(0,))e{0}xF},
+100) [ LKL, UYas,

@ Euler Maruyama scheme of order 0.5 = (56),

@ Milstein (or Taylor order one) scheme = (56)-(57),
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(58)
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ITO-TAYLOR FAMILY SCHEMES, CONT.

Yoo = ot > 1gipU UG U,
(.0 D)eF
+ Z lG.j.0)[L LV KE(E, Uplat,
(1.]:0)eF2x{0}
T 1GopU LG U,
(1.0.))€Fmx {0} xF
D leppllUGE U,
(0.].))e{0}xF3,
+ D iU UUGSE U, (59)
(b DeF
@ Taylor scheme of order 2.0 = (56)-(59)
0_ 0 d k_d 1 vd iikkj 0%
0 L7 =g+ Xhs & goF 3 Zkizt 2joy DD 5,
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ITO-TAYLOR FAMILY SCHEMES
STRONG/ WEAK APPROXIMATION OF SDEs AND SPDEs

@ The process Yy, is a strong approximation of U with order
y =0.5,1,1.5,.. ., if it exists a constant Kot > 0 such that

EZ(Y) := (EIY? - Ur[P)7 < Kpr(ALY, (60)

® The process Yy is a weak approximation of U with order 5 = 1,2,3, . .,
if it exists a constant K, 1 > 0 such that

BN = [Eg(¥) - Eg(Ur)| < Ker(aty, 61)
where g any polynomial function, At fixed time step and p = 1 od 2.
- i Y = li B =
® (60)-(61) = lim Es(¥y) = lim E,(Yn) =0
@ The numerical approximations above are given in L.2.
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DomAIN DEcompPosITION SoLuTiON oF SPDEs

For the domain Eye-cut, we start by the following initial solution:

3

u(0,x,y) = g > exp ( = (X = X6 ) + (v = )’ck)z)),

k=1
where A = 15 - 107° and

(Xs0, y10) = (0.5,0.1)
(XCk’ ka) = (XSO’ )750) = (05, 05)
(Xs0, y90) = (0.5,0.9)

and for the domain Colon-Cut, we have

(%90, ¥10) = (0.9,0.1)
(XCk’ ka) = (XIO’ )750) = (01, 05)
(%90, y90) = (0.9,0.9)

if
if
if

if
if
if

k=1,
k=2,
k=3
k=1,
k=2,
k =3.

(62)

We compare the reference solution uf with the mean solution uM, given by

M
1
M _ > .
u'(t,x) = 1000 VZ:; u”(t,x, w,), Y interface type
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DomAIN DEcompPOSITION SoLUTION OF SPDEs
Example 1. Convection diffusion on a Eye-like domain:

Iter. 200

2

Iter. 50 Iter. 200 Iter. 50
— TR RS

W ® e O

Iter. 200, M= 1000

Iter. 200, M= 1000

(&) Mean @) (F) Mean (b) (@) Mean (@) (W) Mean (@)

ABILDUNG: Sample solution of SPDEs: (left block) non-interpolated interface, (right
block) interpolated interface
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DomAIN DEcoMPOSITION SoLUTION OF SPDEs

Example 2. Convection diffusion on a Colon-like domain:

lIter. 50 Iter. 200

“(C) o (D)“ o

Iter. 200, M= 1000 Iter. 200, M= 1000

(E) Mean (a) (F) Mean (b) (@) Mean (c) (H) Mean (d)
ABILDUNG: Sample solution of SPDEs: (left block) non-interpolated interface, (right
block) interpolated interface
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CONCLUDING REMARKS AND OUTLOOKS

Concluding remarks
@ Construction of SPDS model on overlapping subdomains.
@ Derivation of BIM from finite differences.
@ Combination of DDM-MOL-BIM.
@ Solving deterministic and stochastic overlapped problems.
Outlook
@ Solving SPDEs on overlapping subdomains using real parameters ...
@ Applying the BIM using other schemes: Crank Nicolson, Relaxation ...
@ Applying the BIM using other discretization methods: finite volume,

finite elements and meshless ...
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Wick-Method for SPDEs

@ H. Manouzi, M. Seaid, M. Zahri, Wick-Stochastic Finite Element Solution of
Reaction-Diffusion Problems, J. Comp. Applied Math. Vol 203, pp:516-532 (2007)

@ M. Zahri, M. Seaid, H. Manouzi, M. ElI-Amrani, Wiener-It6 Chaos Expansions and
Finite-Volume Solution of Stochastic Advection Equations, Finite Volume and
Application IV: pp: 525-538, (2005)
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MuLTi-INDICES SET 7

We denote by I the set of all multi-indices (@, a,...) € NbN with only
finitely many @; # 0,such that

0 ((a):=max{i : @ # 0},
@ o+ :=(a1+Pr,a2+B2...),
o a!l=alm!..., |a| =),
@ o< pBifa; < Bjforalli e N
EXAMPLE
Fora = (1,2,0,1,0,...), 8 =(2,1,0,...) € T, we have
@ l(a)=4and €(B) =2
@ a+£:=(3301,...),
o a!l:=1R21011!=2...,|a|=4,B!:=2!11=2...,|8| =2,

o o <p.
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HERMITE POLYNOMIALS

For n € Ny, X € R define the Hermite polynomial
h rer L (e
X)) =(— e2——\|e 2 s
W00 = (1€ ( )
and for n € N we define the Hermite functions

fn =t (M= D) e hy (V2X).

Define the tensor-product

E5(X) 1= &5, ® &5, ® - ®Es5,(X) = &6,(X1) ® E5, (%) ®
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WIENER-ITO CHAOS EXPANSION IN L2(1)

Let S(RY) be the Schwartz space of rapidly decaying C®(RY) functions,
S’(RY) be its dual space of tempered distributions, (S(RY), B, 1) a probability
space .For @ € 7, define the random variable

{(a)
Ho@) = [ [ hey (< .85, ), weS®Y,
j=1

where ¢j is some ordering of d-dimensional multi-indices such that
I <] =ldi| <lojl.

The family {H, }oer constitutes an orthogonal basis for L2(y) (see [3]):
E[H,Hg] = d4pa!.

Thus, any function f € L?(Q) has a unique representation

F= D b IR = [ f@iduto) = Y f2at

ael ael

This representation is called Wiener-Itd chaos expansion.
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WIENER ITO CHAOS EXPANSION, CONT.

Here f, € R denotes the ath chaos coeflicient of function f. Let V denotes any
real separable Hilbert space with inner product (-, -)y and let k € R and
p € [0, 1]. Define

pkV . — {f = Z foHo o fo eV, Va el and | f| kv < oo},

ael

where the norm || - ||, kv is induced by the inner product

(F,)pkv = D (for ga)(@) PN, f,g € PV, (64)

ael
where (2N)k® = l—[(Zj )% Here PkV is called the Kondratiev space of test
i

functions and its dual is denoted _p’_k’v', and is the Kondratiev space of
distributions [4, 1].
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THE Wick PrRobucT ” ¢ IN L2(p)

Given f = Z foHo, g = Z gpHp € L2(u) , the Wick product is defined by
ael pel

fogi= > fugpHasp. (65)
a,Bel

The Wick product satisfies:

@ The commutative, associative and distributive laws.

° (p,k,V’ <>) and (—p,—k,V',o) are algebras. (see [7].)

oIff = Z f,Hy, then fy := E[f] (first chaos coefficient).

ael

@ Forany f,g € L?(u), we have E[f o g] = E[f]E][g].
(This property does not hold for the ordinary product.)
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StocHASTIC REACTION-DIFFUSION OF TYPE WicK

Given the stochastic reaction-diffusion equations

B,u— div(D(x, w) o Vu) - ftxw), Lxw eOT)xDXQ
ut,x, w) =0, tx,w)e[0,T]xdD xQ,
u(0, x, w) = U'(x, w), (x,w) e DxQ,

where

©

D c RY (d = 1,2 or 3) with a smooth boundary 4D,

u(t, x, w) is, for example, the stochastic concentration of some chemical species,

D(x, w) is the stochastic diffusion coefficient,
f(t,x, w) is the stochastic reaction term,
u’(x, w) is a given initial data,

[0, T] represents the time interval.
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VARIATIONAL FORMULATION

We define the variational (weak) formulation of equations (66) as follows:
Find u € W(0, T; V) such that

Guv)+ AU v)=(f,v), VvevV, (67)
u(0) = u®.

where
@ X and are Hilbert spaces such that Y < X < Y’, (dense injection)
@ W(O,T;Y) := {f € L2(0,T;Y) 0 fe L2(0,T;Y)} forms a Hilbert space w.r ...

® (f.9wory = fy (F(9.8(8)yds+ [ (8,U(S), dv(S))y dsis inner product

@ W(0,T;Y) < C%0,T; X), such that C°(0, T; X) is the space of continuous functions
from [0, T] into X.

@ A(u,v):=(DoVu,Vv), VY u,v € V is a bilinear form
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VARIATIONAL FORMULATION, CONT.

the relation between the weak formulation (67) and the corresponding system of deterministic
variational problems for the chaos coefficients U, withy € 1.

Let D = Z D, H,, and u’ = 2yerl uf/)Hy. Moreover,forall f,g € Hé (D) define the bilinear
yel
form Bg (f,g) as Bg (f,g) = (DgVf,Vg),.

THEOREM
Letu = Z u, H, be the solution of the variational problem (67). Then the chaos coefficients

yel
U, of U satisfy the following system of variational problems:

1) Ify =0, findu, € H(}(Z)) such that u,(0) = uf/) and
(U, w) + B (U, w) = (f,w),  VweHy (D), (68)

n) Ify >0, find u, € H(;(Z)) such that u,(0) = uf/’ and

(Oly, w) + By (U, w) = (f,w) Z By—a (Ua, W), Vwe H(}(Z)), (69)

a<y

For the proof and the construction, we refer to [8, 9, 5].
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ORDERED CUTTING SET J\ K

Sine the variational problems solved with corresponding to multi-indices set «
such that @ < vy, For N, K € N we define the cutting Iy C 7 as

N K
Ink = {0} U J J{oeNk: |al =nand ax # 0} . (70)
n=1 k=1

The resulting space is given by

JH= 2 Y fHe s fy € HIO) [l < o0

(YE.[N’K
@ forall @,y € Ink eithera < yory < a,
@ Such ordering allows us to solve (66) as a sequence of problems.

. ! C
@ The set Iy k contains (IFI\ITKK ,) - multi-indices,

-Lk1

°, is a subspace of V for any choice of N and K.
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ALGORITHM

Step 1. For n =0 do:
(A) Construct the ordered cutting Iy g as in (70) and sety = (0,...,0)
(8) Compute the vectors U, U(')’+1 and F(’)’+1
Step 2. While y € I,k do: (Sol. of PDE for 7y k)
(c) Locate the subset 7, = {@ € Inx : @ <y}
(p) Compute the sum b, = Z S, Ut

a<y
(E) Update the right hand side b, = M, U} + At (F,'/’Jrl - by)
(F) Solve for UJ*! the linear system: (M, + AtS,) U;” =b,
(c) Find the next multi-index y and go to Step 2
Step 3. If nAt > T do (Construction of the Sol. for y)
(H) Generate normally distributed random numbers {X,-, i=1,..., Rz}

(e) Foreachr =1,...,R X" =[X,_1k+;], j = 1,..., Rform realizations of the
solution U™ (t,, 1, xp) = Yaely x Ut (xp)Hy (X0)

(1) Perform some statistics and display the results, goto step 1, setn=n+ 1
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NumMERICAL TESTS

The following test examples are selected:
Test 1: D=eW® and f=0.
Test 2: D=0.1 and f =1+ W(x).
Test3: D=eV® and f=1+W®X).
Where
@ W(x) denotes the white noise,
@ the time stepsize At is fixed to 1074,

@ the initial condition is taken as a normal distribution centered in the
spatial domain 9 and with variance equal to 0.01.
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NUMERICAL SIMULATIONS ONE-DIM

space ST e ST e ST e

One dimensional tests (TEST1: first row, TEST2: second row, TEST3: third row)
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NUMERICAL SIMULATIONS TWO-DIM

Soluton

N
N

Soluton

M

{3 i

VAo

A\
"”"333“&\\\

Two dimensional tests (TEST1: first row, TEST2: second row, TEST3: third row)
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STtATISTICAL RESULTS: MEAN-BEHAVIOR

Solution
Solution
Solution
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STtATISTICAL RESULTS: MEAN-BEHAVIOR

Solution

Solution
Solution
Solution

TEST1: Two-dimensional surface plot of averaged solution at time t = 0.001 and its cross
section at y = 0.5 for different times (first column). TEST2: (second column) and TEST3:
third column
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CONCLUDING REMARKS

@ Wick type SPDEs are easy to solve.
@ The Wick approach is a robust tool for solving SPDEs
@ SPDEs can be solved as actual PDEs and not only as integral equations.

@ The Wick method is well defined for many multiplicative and non-linear
SPDEs.

@ Both SPDEs with additive or multiplicative noise can be solved
numerically.
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OuTLOOK

@ Every thing in Numerical Methods for SPDEs has to be improved!

@ Either the theory or the related computational methods for SPDEs are
very poor in comparison to the deterministic one.

@ We have to look for what is the easiest and feasible improvements.

@ ectc...

THANK YOU
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