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Numerical Schemes for SDEs
@ [t6 Taylor-Expansion
@ [t6 Taylor Family Schemes (Strong and Weak convergence)

@ Analysis of Itd Taylor Schemes, Computational Examples
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APPROXIMATION OF STOCHATIC PROCESS

The Non smooth path bellow i continuous BUT nowhere differentiable. The
the use of the deterministic methods is not possible. (Mathematical problem):
Integration instead of differentiation

1.2

Non—differentiable path
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The figure above shows a nowhere differentiable stochastic process and a
bounded area under the curve.
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TAYLOR EXPANSION: SOURCE OF NUM. APPROXIMATIONS

Deterministic vs stochastic Expansion

@ The Taylor expansion of a real function f(X) that is infinitely differentiable at a real Xy is

EERVIRY —y,) .
f(x) = Z(XJ_—!XO)f(J)(XO)_,_ Z (XJ.—!XO)f(”(XO) (1)

jeA J€B(A)

Approximation Term P,,(x) Remainder Term

where A := {0, 1,..., p} and B(A) represents the ’classical’ complement of A in Ny.

@ The stochastic Taylor-Expansion of a real valued stochastic process function f(t, X,) at

measurable point (7, X;)

FE X0 = D lalfalo X1+ D lalfals X 2)

a€A a€B(A)

Approximation Term Remainder Term

where p and 7 are Stop-times satisfying ..., X; is an adapted It6 process, A is an index
set of the main approximation term and B(A) represents the complement of A.
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SToCcHASTIC DIFFERENTIAL EQUATIONS (ITO-SENSE)

Consider the Itdo SDE in RY for t € [0, T]

m

dX; = a(t, X)dt + Z bl (t, X)dW, 3)

=1

with
@ drift and diffusion coefficients a, bl : RY — RY for j=1...,m
@ an m-dimensional Wiener process Wy = (W, ..., W™

This is really an Itd stochastic integral equation

t m t .
X=X+ [ asxadss Y [ s xan, @)
0 = Jo
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THE ONE-DIM ITO SDE

ForY; = f(t, X;) consider the one dimensional SDE
dY; = a(t, X;)dt + b(t, X))dW,

The one dimensional 1td6 Formula is given by

dy; = LOf(t, X)dt + L' f(t, X;)dW,

Where the differential operators L? and L! are given as follows:

PR 1, & P

1022 122, & d Ll=pZ.

ot %ax T 20 ax an ax
—_———

due to E(AW; )=At
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STOCHASTIC ITO-INTEGRAL: USEFUL RESULTS

Consider a one dimensional Brownian motion and a non-necessary uniform

time discretization tx = sz_,,tO [to, T]. Then we have,

2n—1 2n—1 2n—1
D, lim I(Z_;)(Atk)z = lim kz_;) At AW, = lim kZ AW, Aty = 0.

2"—1 T
2). hm Z (AV\/tk)2 ds = (T —ty). (Convergence in L?)

to

where Aty =t — tk and AW, =W, — W, .
Per passage to the continuous case, this means

| dtdt = dtdW; = dWdt = 0]

| dWdW; = dt. |
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STOCHASTIC ITO-INTEGRAL: EXAMPLES

Using the definition of the 1t0, the following are one dimensional It0 integral
(OSI):

t n
/ dWs = hmZ (\Ntm _\Nti) =W -Wo
0 "%
t n
/ WsdWs = 111’1’12\/\/'[[ (\Ntm - \NL)
0 " i
n n
= lim ) WeAWE (W) - 2W AW, = ) (AW, )
n i=0 i=0
[DVPICTED IR - 2
= -(W)" - =lim ) (AW,) later !!!
2 2 n « '
i=0
e ————
—t  (in L2)
1 1
= E(\/Vt)z - Et Clearly the behavior of this integral is different from the Riemann-Stieltjes
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ONE DIMENSIONAL ITO FORMULA: EXAMPLE

For f(t,Xx) = %XZ with Xy = W, and a; = 0, by = 1. Applying It6 formula:

df

1
Hence 7 dw?

%dt g—fdt b[Z—de b%af
%dt (1)—dW —(1)2(92
%dt Z—fdw %Zz—fdt
Z—de+§(;2—fdt

1 1 1
= WdW + Sdtand = [dWg = [ WsdWs + = [ dt Thus,

t
1
|t:/ WsdWs = (W2 —t)
0 2

We got the same result as by using the variational calculus.

Mostafa Zahri
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MULTIPLE STOCHASTIC ITO-INTEGRALS: MULTI-INDICES

Forme Nand j = 1,2,..., m, we associate a B.M. W/ and for ] =0, we
associate the deterministic variable t . For @ = (], .

and the number of zero componentsof «

{(a)
n(a)

o
Ny

number of componentsof a

number of zer o componentsof «

.., J1). We denote the size

The set of all multi-indices with respect to F = {0, 1, ..., m} is represented by

M= O Flu{v},
=1

(6)

where v refers to the empty multi-index with size zero. The following example
gives more sense for the definition above:

EXAMPLE

For @ = (1,0,2) itholds {(o) =3 and n(a)=1.
For @ = (1,0,0,2,3,1,0,0) it holds () =8 and n(a) = 4.

Mostafa Zahri
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NoTATION FOR MULTIPLE STOCHASTIC INTEGRALS MSI

Let us consider @ = (j1, j2, . . ., J|) @ multi-index and (W )t>¢ an m-dim BM.

For a square integrable function f, the Multiple Itd-Integrals are defined per
recursion as follows:

f(t), ifl =0 (i.ea=v)
t
lo—[f(. d ifl >1and jj =0
o[ fOlit = ‘/t:)t a-[F(]t,sds, 1 and ||
/ o[ F()]isdWE, if1 > 1 and j > 1.
to
Where a— := (j1, 2, . . ., ji-1) drop the last component. Examples:

WY =t gt = lo[1]og

t S
a2 [ F Ol / F(2)dW W2,
ty Jto

t t S Si
/ l1.2)[F()]osds = / / / f(s)dW,, dW3 ds.
to to to to
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ONE DIMENSIONAL ITO TAYLOR EXPANSION

Consider the one dimensional Itd-Process X;, which satisfy the It6-Integral
equation: : :
Xt = Xy, +/ a(Xs)ds + b(Xs)dWs (7)
to to
where a and b reel valued smooth functions, satisfying time-growth condition
and f € C2(R,R). By applying the Ité6 Formula for f(Xs), it follows:

t 0 62
(06 = 106)+ [ [a06) 5106 + 3007 105 o

to

t
0
+ [ b( Xs)& f(Xs)dWs

to

t t
= f(XtO)+/ Lof(Xs)ds+/ L' f(Xs)dWs.

to to
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ONE DIMENSIONAL ITO TAYLOR EXPANSION: EXAMPLE

If f(x) =x e Rthen L°f =aand L!f = b the Itd-Taylor Expansion is given
in integral form as

t S S
X = Xt0+/ (a(Xt0)+/ LOa(Xz)dz+/ Lla(Xz)sz) ds
to

to to

t S S
0 1
+ /to (b(xt0)+ / LOb(X,)dz + / L b(XZ)dWZ)) dWs

to to

t t
X{O + a(XtO) ds + b(XtO) dWS + R1
to to ~—
Remainder

where the remainder term is given by:

t S t S
R = / / LO%a(X,)dzds + / / L'a(X,)dW,ds
to to to to

t S t S
+ / / LOb(X,)dzdWs + / / L'b(X;) dW,dWs.
to Jio to Jto ~———

Expand next
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By applying the Ito-Formula to the function L'b, we get(Milstein schemes)

t t
X = Xto + a(XtO) ds+ b(XtO) dWs

to to
t S
+Lb(X,) dW,dWs + R
to Jo S~
Remainder

where the remainder term is given by:

t S t S
/ / L%a(X,)dzds + / / L'a(X,)dW,ds
to to to to
t S t S z
+ / / L%b(X,)dzdWs + / / / LOL " b(Xy)dudW, dWs
to to to to to
/ / / Lt ! b(Xu) AW, dW,dW.
to Jto

Expand next

Where dtdt = dtdW; = dWidt = 0 and dW;dW; = dt (in L? i.e in the mean
sense)
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MuLTi-INDEX: HIERARCHICAL AND REMAINDER INDEX-SETS

A set A of Multi-Index is called Hierarchical Index-Set, if the following
condition are satisfied

oA+ o,

@ {m=sup I(a)< oo,
aeA

@ —acA;, VYaeA\{v}.

For any hierarchical set A, we define the corresponding Remainder
Index-Set as:

B(A) = {a e M\{A} : —a € A}.
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GENERAL FORM OF THE ITO-TAYLOR-EXPANSION

THEOREM

Let p and T are two Stop-times such that ty < p(w) < 7(w) < T. If the
function f : [to, T] x RY — R and all its differential are smooth and. if the
partial differential of a and b exist, then for any set A € M follow the
stochastic Taylor-Expansion

f(r, X;) = Z lo [ o, X,o)] + Z lo [ fo (., x-)]p,‘r’ (8)

aEA, weB(A,)

Where the Ito coefficient functions are defined by

e _]f if ¢(a)=0;
L, if @) > 0.

fora = (j1,...,j1) € M and f e CN@@+n@) R+ « R R).
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GENERAL FORM OF THE ITO-TAYLOR-EXPANSION

THEOREM

Let p and T are two Stop-times such that ty < p(w) < 7(w) < T. If the
function f : [to, T] x RY — R and all its differential are smooth and. if the
partial differential of a and b exist, then for any set A € M follow the
stochastic Taylor-Expansion

f(r, X;) = Z lo [ o, X,o)] + Z lo [ fo (., x-)]p,‘r’ )

a€A, aeB(A,)

Where the Ito coefficient functions are defined by

e |t if {(a)=0;
“Lif, if @) > 0.

fora = (j1,...,j1) € M and f e CN@@+n@) R+ « R R).
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STRONG AND WEAK CONVERGENCE

In the EM scheme, the numerical solution to the SDE, Y; converges to the exact
solution X;. We have to distinct between the following types of convergence :
@ (Path Approximation). We said that the convergence is strong of order
v if
: — i Y _ _
lim Es(y) := NlTanoo E(|YNT X|) = 0.

NT—)OO

@ (Distributional Approximation). We said that the convergence is weak
of order y if

Jim Ew() = lim_ ‘E (g (Y@) —E (g(X)) ] 0.

Where Ny refers the number of the time steps used for the approximation, g
any polynomial function.
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CONVERGENCE THEOREM: SOURCE OF THE CONVERGENCE ORDER

Forl e Nand a = (ji, .

.., J1) it exists a positive constant K independent from
A such that

l(a)+n(a)

(E(IiA))% < KATE (10)

Moreover, for X a d-dim stoch. process sol. of SDE, a multi-Index @ € M and
f: [to, T] x RY — R satisfying If | f,(t, X)|* < K (1+ |X|2), the we have

E [l [fat X0Toal” < K (1+ EJx ) alterm an

Remark that the real number w =7y or {(a) + n(a) = y could be used as a convergence
order of the It6-Taylor approximation of SDE solutions.

@ So, we have to characterize the sets A, and B, (A, ).

@ Two types of convergence orders !!!
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CONVERGENCE THEOREM, CONT.

THEOREM

Consider the strong Ité-Taylor approximation Y2 = {YtA, telty, T } with
convergence ordery = 0.5,1,1.5,.... If

=

° E(X) <0 and (E(%,-YP) <KiaY

o [fo(t.X) — fat, V)| < Kalx—y|  Va € Ay, telto,Tland xy €RY,

o f,eC? and f,eH, VaeA,USB,

o [fo(t,X)| <Ks(1+1|X]) VaeA,UB,telt,T]and x € RY

then it holds
E (|xT —YTA|) < K4A,

(12)
where Ki,| = 1,2, 3,4. are real pairwise independent positive constants

For the proof we refer to Kloeden-Platten p. 3611T)

Mostafa Zahri
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ON THE CONVERGENCE THEOREM ASSUMPTIONS

The convergence theorem assumes that

@ the coefficient functions f, in the Taylor scheme are uniformly bounded
on RY: i.e., the partial derivatives of appropriately high order of the SDE
coefficient functions & b!, ..., b are uniformly bounded on RA.

@ However, this assumption is not satisfied in many important
applications:

@ Cox-Ingersoll-Ross models in finance with \4 € [0, 1]
dV = (B — Vdt + /MW

© Duffing-van der Pol oscillator with multiplicative noise:

dx! = Xx2dt
dx2 ( x4 BXE - (XL - (Xlt)zxzt)dt T+ o X2dW,

Proofs in the literature (e.g. in the monographs of G. Milstein)
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MuLTI-INDEX SETS FOR ITO-TAYLOR-EXPANSION

Fory =0.5,1,1.5,2,... the set of Multi-indices A, is called Hierarchical
Index-Set if

Ay, ={aeM: (o) +n(a) <2yorl(a)=n(a) =y + %}

@ Remark that the three assumption of a Hierarchical set are satisfied.

@ The construction of the corresponding remainder set is given by

B(A,) ={a e M\A, : —x € A, }.

@ (Later) y will refer the convergence order the It6-Taylor family schemes.

Mostafa Zahri SCF2019 UAEU, AL-AIN, UAE 23/ 40



ExAmMPLES OF HIERARCHICAL AND REMAINDER INDEX-SETS

Consider a SDE driven by one BM, namely W!. In other words F = {0, 1}. Thus, we have
@ If £, =0 (i.ey =0) then Ay = {v} and B(Ay) = {(0), (1)}.
@ If ¢, =1 (i.ey =0.5) then Ays = {v,(0),(1)} and

B(Ao.s) = {(0,0),(1,0),(0, 1), (1, D}.
® If ¢, =2 (i.ey = 1) then A; = {v,(0),(1),(1,1)} and
B(A) = {(0,0),(1,0),(0,1),(0,1,1), (1,1, 1)}.
@ If ¢, =3 (i.ey = 1.5) then A5 = {v,(0),(1), (1, 1),(0,0), (1,0),(0, 1), (1, 1, 1)} and

B(A15) =
{(0,0,0), (1,0,0), (1, 1,0), (0, 1,0), (1,0, 1), (0,0, 1), (0, 1, 1), (0, 1, 1, 1), (1, 1, 1, )}.
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HIERARCHICAL INDEX-SETS, CONT.

Ao = {v}
v =0.5 Euler-Maruyama
HAos = {n(0).(1)}
v = 1. Milstein/ Taylor
Ao = {v0).1).0A 1D}
v =1.5 Taylor
s = {n(0).(1).(1,1),(0,0),(1,0).(0, 1), (1,1, 1)}
v =2 Taylor
HAro = {v, (0), (1), (1, 1), (0,0), (1, 0), (0, 1), (1, 1, 1),

(1,1,0),(0,1,1),(1,0,1),(0,1, 1), (1, 1, 1, 1)}
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ITO-TAYLOR FAMILY SCHEMES: STRONG CONVERGENCE

The strong It6-Taylor scheme of order y = 0.5, 1, 1.5, 2,...is given by

Yoo =Ya+ > Lol faltn ¥kt (13)
a€A,\{v}

forn=0,1,2,..., and the initial value Yy = &.
M= U{e= (...l €eF L e{l,2,..}}.

See: M. Zahri, Barycentric interpolation of interface-solution for solving stochastic partial differential equations on non-overlapping subdomains with

additive multi-noises, International Journal of Computer Mathematics, Volume 95 (2018), Issue 4, Pages 645-685
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EXAMPLE OF ITO-TAYLOR SCHEME ORDER 1.5

Consider the autonomous case dX; = a(X;)dt + b(X;)dW;.
An example of It6-Taylor scheme for a d dimensional It6-Process X; and an
index set M = {1, ..., m} (i.e mdimensional BM) is given by:

m
Yo = Yo+ LIt + DG 0T, (14)
i=1
m - .
D LR (RS0 (15)
jl’j2=1
m ) m )
3 ol a0 + 2 Lo LD ()i, (16)
j=1 j 1

+Zl<oo> Aol + Z i (U LR, (17)

Joinsja=1
Euler Maruyama (??), Milstein (??)-(??) and Taylor of order 1.5 is represented by (??)-(??).
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THE ONE-DIMENSIONAL ITO6-TAYLORy = 1.5, (d =m= 1)

|v[a(xn)]tn,t,,+1 = a(xn)Atn
Th+l
I(l)[bl(xn)]tn,lm.l = bl(xn) der
tn
= b(Xn)AW,n
6bl n+1
oL (b Xl iy = D) <X>/' /'mNdw‘

=ummmﬂmﬁm4

T+l
MWM&M=b%FMJ /Mm
_ 1 3
= b(Xn)&(Xn)AZ,n AZ, ~N (O, g(Atn) )
Recall L0=§+a%+%b2%, L! =b%.
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THE ONE-DIM CASE ITO-TAYLOR v = 1.5, (d = m = 1) CONT.

Lo, [LO0" X)]rt s

62b Th+l
i K2
(aax 2b 6x2)( n)/ / dsdW,;

ab 1,0%
(a& Eba 2

) (Xn) (At, AW, — AZ,))

L0.0)[ L0 1011

th+l t
L%(X,) / dsdt

_(.0a 1 262 )
- (a&+2 az)(X) (Aty)
LU (X)) = LL'b / / " W, dw, dw,
T" n T"
_ ab 262b (AW,,)? A,
= (b(ﬁ) )(Xn)( e "3 AW,
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STRONG EULER-MARUYAMA ScHEME (1955), ¥ = 0.5

Consider the Geometric Brownian Motion, which satisfies the SDE

Xo=¢
dX; = AXdt + uXdW,

where A is called the percentage drift and u is called the percentage volatility.
The exact solution is

X = Xoexp (4 £t - )

Numerical solution: for Ay s = {v, (0), (1)} (i.e £{; = 1), we define the
Euler-Maruyama scheme

Xo=Yo=¢&
Yn+1 = Yn + /lYnAtn + /.lYnAVth

Where Y, in the numerical approximation of the exact solution Xy, .
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NumERICAL SiMmuLATION OF GBM BY usING EM.

EM for dt=50/1000 EM for dt=10/1000

Exact Sol.
Il ®  EM Approx,

6k

s

o} 0.2 0.4 0.6 0.8 1 o} 0.2 0.4 0.6 0.8 1
t t
- EM dt=1/1000 Milstein CCOy=0.5013
35 10°
P Slope of the
3032 ﬂ i i Regression
X25 0.92 093 0.94 095 096 0.97 B Ilne 05130 ___.
= 107'F _e--"""
20 w e ---
15 e---"""
10
5
o 107 L
o} 0.2 0.4 0.6 0.8 1 10 . 10
t Time Step

Where dt = 1073 is used to simulate exact solution.
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GENERAL FORM OF EM SCHEME

Consider the SDE

Xo=¢&
dX = a(t, X)dt + b(t, X)dW

Numerical solution: for Ay 5 = {v, (0), (1)} (i.e £; = 1), we define the
Euler-Maruyama scheme

Xo=Yo=¢&
Yot+1 = Yo + a(tn, Ya)Aty + b(tn, Yn) AW,

Where Y, in the numerical approximation of the exact solution X;, and

trr1
Atn = / dt
ty

trr1
AVth = / dWs .
t

n
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STOCHASTIC MILSTEIN SCHEME (1974), ¥ = 1

For A; = {v,(0),(1),(1, 1)} (i.e £{; = 2), we define the Milstein scheme

Xo=Y=¢
Yoe1 = Yo + a(ty, Ya)Aty + b(th, Ya) AW, (13)

1 ob 2
+ Eb(t"’ Yn)&(tn’ Ya) (AW, )™ — Atn)

Where Y, in the numerical approximation of the exact solution X;, and the
additional (to E.M) is

tn+1 t
fanlan = le(tn,Yn)/ /dwsldvvtl.
th t,

The Milstein method is a first order Itd6-Taylor method. It is derived from a truncation of the
stochastic Itd6-Taylor expansion of the solution.
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NumMERICAL SIMULATION OF GBM BY USING MILSTEIN.

Milstein for dt=50/1000

Exact Sol.
e Milstein Approx

0.2 0.4 0.6 0.8
t

Milstein for dt=1/1000

u
0.540.560.58 0.6 0.620.64

Milstein for dt=10/1000

2.2

Exact Sol.

e  Milstein Approx

10°

0.2 0.4 0.6 0.8 1
t

Milstein CCOy=0.9614

Error

107 F

107

Slope of the
Regression
line 0.9614

107

Time Step

Where dt = 1073 is used to simulate exact solution.
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STOCHASTIC TAYLOR SCHEME WITH ORDER y = 1.5

For A5 = {v,(0),(1),(1,1),(0,0),(1,0),(0,1), (1,1, 1)} (i.e £; = 3), we define
the It6-Taylor scheme with order y = 1.5:

Xo=Y=¢

1 ab |\
1/ da 262 2,
E(a& +1p )(At) b&AZtn

2

( —b2‘9 b)(AtnAvvt AZtn)
1/, (db 262b )
5(b(&) ‘b )( (AW,) Atn) AW, (19)

Where Y, in the numerical approximation of the exact solution X;, and AZ; is
a normal distributed random variable AZ; ~ N(O, %(Atn)3)
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NumMERICAL SIMULATION OF GBM BY USING TAYLOR.

Taylor for dt=50/1000

— Exact Sol.
[| - Taylor Approx

o 0.2 0.4 0.6 0.8

t

Taylor for dt=1/1000

2,00

1751
0.26 0.28 0.3 0.32 0.34 0.36 0.38

Error

Taylor for dt=10/1000

— Exact Sol.
7H - Taylor Approx
ok
sk
X
ab
sl
A
10 0.2 0.4 0.6 0.8
t
Taylor CCOy=1.4622
107
- o -
107 /,//
/./
0"/
107
10 .
Time Step

Where dt = 1073 is used to simulate exact solution.

Mostafa Zahri
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CoMPUTATIONAL CONVERGENCE ORDERS

CCO for EM, Milstein and Taylor

Error

_e-" " Tayl or y=1.4622

107° 10

Time Step

Increasing the number of discretization time-points and the number of simulations leads to the
best estimation of computational convergence orders. In our cases, we have used a time step
dt = 1073 and M = 1000 simulation for each numerical simulation.
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CONCLUDING REMARKS

@ Other type of approximations: Weak and Pathwise

@ Construction of similar schemes for System of SDEs

(7

Construction of schemes for SPDEs: time-space dependency

©

Study of stability, consistency and scheme properties

©

Implicit schemes and relationship to stability

©

Multistep stochastic schemes for SDEs and SPDEs

(]

Extrapolation (Richardson-like) stochastic schemes for SDEs and SPDEs

©

Variance Reduction: Reduction of the number of sample for getting same
results
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