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Langevin Equation

Differential equations with noise:

@ Langevin used 'noisy’ differential equations to model the particle
dynamics of Brownian motion in the early 1900s:

dx

o = a(t,z) + b(t, z)n,, white noise : 7, (1)

Gaussian white noise: many mathematical problems finally resolved by
[t6 in the 1940s with the introduction of stochastic calculus.

@ Stochastic differential equations (SDEs)

d
d—f = a(t,z) + b(t, x)dWy, Wiener process : W, (2)

The white noise is considered as the differential of the Brownian motion
(in distributional sense)

Mostafa ZAHRI Strong Approximation of SDEs. Madinah Dec. 1, 2015 3/44



Ito Process, Stochastic differential equation

Let (W;)er be an m-dimensional Brownian motion defined on a (£2,.4)™
with right continuous augmented filtration F = (F;)er. The process
(X}..., X?) is called 1té Process, iff it has the following form

. . t m t .
X=X+ / ads  +Y / b AW (SDE)
to j=1 to

Riemann—integral

Ito—integral

@ where forall i =1,...,d, and j = 1,...,m; the drift vector(a});cr
and the diffusion matrix (b;”),cr are F; adapted and
satisfy " alds < oo and [} (bi7)%ds < oo as.

@ The (SDE) refers to the stochastic differential equation in integral
form and in differential form is given by

dXt = a(t, Xt)dt + b(t, Xt)th
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One dimensional 1td formula (stochastic calculus)

For any twice differentiable scalar function f(¢,z) of two real variables ¢ and

x, the one dimensional (case d = m = 1) It6-Formula is given by
f(t> Xt) = f(t07 Xto)
o*f

of af 2
+ {aS(SX)+CLSa (s, Xs) + bsa2(s,Xs)}ds

aof
—(s, X .
+ \ bs 5 (s, Xs)dW;

Proof idea: By using the Taylor expansion of order two: (all convergence in L2)

2" —1
ft,Xe) = f(to, Xtg) + E Af(te, Xty,)
2"—1 2™ —1 2" —1
_ A of | 1 o%f A 5
= f(to, Xtg) + E — At + E ™ Xty +§ ﬁ( Xey)
k=0 k=0
¢ O t O ¢ O 92 f
aff —fds aff —fa,sd,s+ ¢ —fbsd,VVS Hf” ﬂﬂds
to Ot to Ox to Oz tg Oz2 °
2m g 2"—1 2m g
+ AX + — (At + R
E th E BtQ( K k-

(3)
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One dimensional It6 formula: Example and First Result
For f(t,xz) = 12 with X; = W, and a; = 0, b, = 1. Applying It& formula:

of of of 1 ,0°f
df = sdt+ %?dt+b%?dM@+»lgant
) , 02
_ a{dtJr()adet ()aJ;dt
_of, 0f 10%f
= oot AWt oot
_of 10°f
= AWt oot

1 1 1 1
Hence idI/Vf = W dW, + §dt and 3 [dW?2 = [WdW, + 5 [ dt. Thus,

: 1
L:/Wuwmzimf—w
0

The stochastic integral with respect to a Brownian motion is different from the

- - xT
Riemanian one [ sds = 7.
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Exact Solution of SDE (Theorem)
Let a (drift) and b (diffusion) are two measurable vector functions defined
as follows: a : [to, T] x RY — R? b : [y, T] x RT — R>™_ |If the d—dim
SDE with a F},-measurable initial condition X;, = T (RV), independent
from o(1V), satisfies:
© (Lipschitz condition) For t € [ty, T], =,y € R? and a constant K > 0:

la(t, z) —a(t,y)|| < Kllz =yl and [|b(t, 2) = b(t, y)|| < Klx -y
@ (Linear Growth) For t € [t),T], z € R? and a constant D > 0:

la(t, 2)[1* + [|b(t, ) |* < D(1 + [|l=]|).
then the SDE has a pathwise unique solution X, on [ty, T'] with

E( sup |Xs|2> < 00.

to<s<T
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Simulation of Exact Solution of a SDE

Consider the linear SDE: X; = aX,ds + bX,;dW; with exact solution

1
X, = X, exp <(a — P+ bWt)

a=1.3, b=1.2, X=0.9, dt=10% a=12, b=13, X=1, dt=10*
0 [¢]
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Random and Stochastic ODEs

@ Random ordinary differential equations (RODEs) are pathwise ODEs
that contain a stochastic process in their vector field functions:

2(t) = f(§(w), x(t)) <= () = gu(t,2(t)) for weQ (as)

@ Clearly, once w is fixed, all classical numerical schemes for ODEs are
pathwise applicable for RODEs.

@ Stochastic ordinary differential equations (SODEs) or (SDEs) are
differential equation in which one or more of the terms is a stochastic
process, resulting in a solution which is itself a stochastic process.

@ Consequently, classical numerical schemes for ODEs are not directly
applicable for SDE.

SO, we need stochastic Differentiation and Integration.
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Stratonovich and Stochastic ODEs, cont.

Consider the Stratonovich RODE with a Wiener process

dXy = a(X;) + b(X) o dWV, (4)

The Stratonovich SDE can be rewritten as stochastic differential system of
equations

Example

dr _ X:\ [ —Xi+sin(Yy) 0
E——x—FSln(M)(:)d(n)—( 0 dt + 1 dW,

So, We can use deterministic calculus pathwise for RODEs, however these
methods rarely attain their traditional order, thus new forms of higher
order schemes are required.’

L Peter Kloeden and Arnuf Jentzen (Proc. R. Soc. A (2007)).
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About the present Talk

@ The main concern of this talk is the construction of the It6-Taylor family
scheme of SDEs of type

dXt == Cl(t, Xt)dt + b(t, Xt)th,

and to approximate their numerical solutions by using a strong criteria in
the L2-theory.

@ Solving systems of type (i =1,...,dand j=1,...,m)
. . t mooeto
Xj= X+ [alds+ 3" [ vaawy,
¢ to j=1"%

requires more details about multiple stochastic integrals. These are not
subject of the present talk.
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Strong and Weak convergence

Denotes by X, the exact solution of an SDE and denotes by Y; the
corresponding numerical solution to the SDE for a given time discretization
of [to, T such that t) < t; < ... < txn, = T with a maximal step-size A,
converges to the e. We have to distinct between the following types of
convergence :

@ We said that the cconvergence is strong of order 7 if

lim E,(y) = NlTigooE(mT - Xzl) =0.

NTA)OO

@ We said that the convergence is weak of order v if

= 0.

lim E,(y):= lim ‘Eg(YJJT)—Eg(XT)

NTHOO NTA)OO

Where Nr refers the number of the time steps used for the approximation, g
any polynomial function.
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One-dim It6 coefficient functions
For Y; = f(t, X;) consider the one dimensional SDE

d}/t = CL(t, Xt)dt + b(t, Xt)th

The one dimensional 1t6 Formula is given by

dY, = L°f(t, X,)dt + L f(t, X;)dW,, (5)
Where the differential operators L? and L' are given as follows:
0 0 1., 0 0
LY = — — e d L' =b—.
o e 2o n Bz
——

due to E(AWy)=At

o L% and L! are called I1td differential operators.
@ fioy:=L"f and f) := L' are called 1t6 coefficient functions.

@ in general TG = L[ .. [Jtf, where j; € {0,1} for
1=1,...,¢0
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Multi-indices (to generalize the

FormeNand FF'={0,1,...,m}.For a = (ji,..., ;) where j; € F and
1 <@ < 1. We denote the size and the number of zero componentsof «
o) = Ly number of components of «

n(a) = ng number of zero components of «

The set of all multi-indices with respect to F' is represented by

M:G F'u{v}, (6)

=1

where v refers to the empty multi-index with size zero. The following
example gives more sense for the definition above:

Example

For a = (1,0,2) it holds {(«) =3 and n(a)=1.
For « = (1,0,0,2,3,1,0,0) it holds () =8 and n(«a)=4.
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Operation on Multi-index set

@ (The drop — operator). For a € M with oo = (j1, j2,...,j1). For 1 > 1,
we define a— and —« as follows:

a— = (J1,72,.--,51—1) drop last component.

—a = (jo,...,51) drop last component.
If {(o) =1 > 1 then, it implies I[(—a) = l(a—) =1 — 1.
If {(a) =1 =1 then, it implies —a = a— = v and I(—a) = l(a—) = 0.

@ (The star x operator). Let us consider

a = (j17j27 .. '>jl)7ﬁ = (i17i27 .. 7Zk) S M
The operator * is defined as:

Oé*ﬁ = (j17j27 .- '7.].17@.171.27 e '7ik) and
B*Oé = (il,i2,-'->ikajlaj27"'7jl)'
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Adaptation of the Stochastic Processes
The stochastic processes, which are solution of SDEs should be at each time
step measurable with respect the an appropriate filtration:

©Q Therefore, define the set H as a set of stochastic processes (f;):o,
which are progressively adapted to the associated filtration {F;}>0),
right continuous and the left limit exists. Moreover, define the sets
H,, H ), H1 as follows

Q@ H,={feH:Vt>1t, |f(t,w)] <o as.},
QH(O)::{fEH:Vt>tO /tt|f(s,w)|ds<oo a.s.},

t
QH(l)::{fEH:Vt>tO /t|f(s,w)|2ds<oo a.s.}.
0

For j € F\ {0} one sets H(;) = Hy).
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Useful Notation for multiple Stochastic Integrals

Let us consider oo = (jy, ja2, .- ., j1) @ multi-index and (W;)0 an
m-dimensional Brownian motion. For f € H(,), multiple It6-Integrals are
defined per recursion as follows:

f@), if | =0
t
Ll f s = { | Ta-lflwsds, i 1> 1and j, =0

to

I [f()]wsdW?, ifl>1andj > 1

to
here H(,) is defined per recursion as
H(a) = {f € H: I(a—)[f(‘)]t0,~ € H(jz)}’ forjye Fandl > 2

Example

Tolf s = /to /to 2)dWdw?,
Ta20)[f (et = /to Ta2)[f (]o,sds = /t: /t: /tjlf(32)dW812delds.
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One dimensional 1t6 Taylor Expansion

Consider the one dimensional [t6-Process X, which satisfy the Ito-Integral
equation:

X; = Xy, + / J)ds + b(XS)dWs (7)

where a and b reel valued smooth functions, satlsfying time-growth condition
and f € C*(R,R). By applying the 1td Formula for f(X,), it follows:

t

f(Xs) = f(Xy)+ 5 (a(XS) 9 1 o2

%f(Xs) + 5&#()@)@ (X5)> ds
+ (U)X a,

= )+ [ s+ [ D),
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One dimensional I1t6 Taylor Expansion: Example

If f(x) =2 € R then L°f = a and L'f = b the |t6-Taylor Expansion is
given in integral form as

X, = X, + / ( a(Xy) + LO( X.)dz= + SLla(XZ)dWZ> ds

to

+ / (b (X) / LO (X.)dz + sle(Xz)dWZ)> aw,
to

to

t
Xy + a(Xy,) \ ds + b(Xy,) ; dWs + &

Remainder
where the remainder term is given by:
t
R = / Oa(X, dzds+/ La(X.)dW.ds
+ [ [ LX) dzd W, + / / ) dW.dW,.
to Jto

E: Ep(znd next
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By applying the Itd-Formula to the function L'b, we get
t t
X, = X, +a(Xy) / ds + b(X,,) / aw,

FL'(X,,) / AW.AW. + Ry

to Jto
Remamder

where the remainder term is given by:
t
Ry — / 0a(X,)dzds + / La(X,)dW.ds
[ [ Lo(X.)dzdw, + / / " LOL'(X, ) dudW.dW,
0 to Jto

t to
+// LY L LUb(X,) dW,dW.dW..
to Jto Jto

E: Ep(znd next

Don't forget dtdt = dtdW, = dW,dt = 0 and dW,dW, = dt.
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Multi-Index: Hierarchical and Remainder Index-Sets

A set A of Multi-Index is called Hierarchical Index-Set, if the following
condition are satisfied

o A+ o,

@l =sup I(a)< oo,
acA

@ —ac A VaeAA\{v}.

For any hierarchical set A, we define the corresponding Remainder
Index-Set as:

B(A) ={ae M\{A} : —a € A}.
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General Form of the 1t6-Taylor-Expansion

Theorem

Let p and T are two Stop-times such that ty < p(w) < 7(w) < T'. If the
function f : [ty, T] x RY — R and all its differential are smooth and if the
partial differential of a and b exist, then for any set A € M follow the
stochastic Taylor-Expansion

frXo) = > Lifalp, X1+ X Lalfa(, X))l (8)

acAy aeB(Ay)

V.

Where the 1t6 coefficient functions are defined by

;= f if ((a)=0;
L f, if () > 0.

for a = (j1,...,5/) € M and f € Cl@)H@+n(@)(R+ x RY R).
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Convergence Theorem: Source of the convergence order

Forl € N and o = (j1,...,Ji) it exists a positive constant K independent
from A such that

(B(12,)* < KA™5 (9)

Moreover, for X a d-dim stoch. process sol. of SDE, a multi-Index a € M
and f: [to, T] x RY — R satisfying If | f.(t, 2)|*> < K (1 + |x|?), the we have

E j[a [fa(t, Xt)]o,AF <K (14 B|X,?) Alerin@ (10)

Remark that the real nuber M = = could be used as a convergence
order of the It6-Taylor approximation of SDE solutions.

So, we have to characterize the sets A, and B,(A,).
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Convergence Theorem, cont.

Theorem

Consider the strong It6-Taylor approximation Y2 = {YtA, t €]to, T[} with
convergence order v = 0.5,1,1.5,.... If

o B(|X,,?) <00 and (E(|X,, — Y21))? < K1
° |fa(t,$) _fa(tuy)l < K2|‘T—y|

Va € A, t € [ty, T) and z,y € R,
o f,eC" and f,€H,

Va e A,UB,,

0 |falt, )| < K3(1+ |x|) Va € A, UB,,t € [ty,T] and z € R%.

then it holds
E (| Xr - Y£]) < Ko,

where K;,1 = 1,2,3,4. are real pairwise independent positive constants .

(11)

For the proof we refer to [2] p. 361ff)
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On the Convergence Theorem Assumptions
The convergence theorem assumes that

@ the coefficient functions f, in the Taylor scheme are uniformly bounded
on R% i.e., the partial derivatives of appropriately high order of the SDE
coefficient functions a,b',...,b™ are uniformly bounded on R<.

@ However, this assumption is not satisfied in many important
applications:

©Q Cox-Ingersoll-Ross models in finance with V; € [0, 1]
dV; = a(B — Vi)dt + p/VidW;

© Duffing-van der Pol oscillator with multiplicative noise:
dX} = X7dt

dX7 = ( - X} +BX7 - (X))~ (XE)QXE)dt + o X[ dW,

Proofs in the literature (e.g. in the monographs) see [2, 4]

Mostafa ZAHRI Strong Approximation of SDEs. Madinah Dec. 1, 2015 25 / 44



Construction of Multi-Index Sets in the
I1to- Taylor-Expansion

For v =0.5,1,1.5,2,... the set of Multi-indices A, is called Hierarchical
Index-Set if

A, ={aeM: la)+n(a) <2y orl(a) =n(a) :”y+%}.

@ Remark that the three assumption of a Hierarchical set are satisfied.

@ The construction of the corresponding remainder set is given by
B(A,) ={ae M\A,: —a € A}

o (Later) v will refer the convergence order the It6-Taylor family schemes.
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Examples of Hierarchical and Remainder Index-Sets

For FF = {0,1}, we have
@ If ¢, =0 (i.e vy =0) then Ay = {v} and B(Ap) = {(0), (1)}.
@ If ¢, =1 (i.e vy =0.5) then Ay 5 = {v,(0),(1)} and

B(Ao5) ={(0,0),(1,0),(0,1),(1,1)}.
@ If ¢, =2 (i.e y=1) then A; = {v,(0),(1),(1,1)} and
B(A;) ={(0,0),(1,0),(0,1),(0,1,1),(1,1,1)}.
@ If £, = 3 (i.e v = 1.5) then A; 5 = {v, (0), (1), (1,1),(0,0), (1,0), (0, 1), (1,1,1)}

and B(A;5) =
{(0,0,0), (1,0,0), (1,1,0), (0, 1,0), (1,0,1), (0,0, 1), (0,1, 1), (0,1,1, 1), (1,1,1, 1)}
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Hierarchical Index-Sets, cont.

-’40.0 =

Aos =

Ao =

Ais =

Ao =

Mostafa ZAHRI

{v}

Euler-Maruyama

{v,(0), (1)}

Milstein/ Taylor

{v,(0),(1), (1, 1)}

Taylor

{v,(0),(1),(1,1),(0,0),(1,0),(0,1), (1,1, 1)}
Taylor

{U’ (0), (1), (1,1),(0,0),(1,0),(0,1),(1,1,1),
(1,1,0),(0,1,1),(1,0,1), (0,1, 1), (1, 1,1, 1)}
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Ito-Taylor Family Schemes: Strong Convergence

The Ito-Taylor scheme of strong order v = 0.5, 1, 1.5, 2, ... is given by

Yn+1 = Yn + Z Ia[fa(tn? Yn)]tn,tn+1 (12)
acAy\{v}

forn=0,1,2,..., and the initial value Y = &,.
M= {v}U{a = (1,2, -, )i i € F; L€ {1,2,.. }}.
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Example of I1t6-Taylor scheme order 1.5

Consider the autonomous case d.X; = a(X;)dt + b(X;)dW,.
An example of 1t6-Taylor scheme for a d dimensional [t6-Process X; and an
index set M = {1,...,m} (i.e m dimensional BM) is given by:

Yn+1 — Yn + I’U [a(Yn)]tn,tn+1 + Z I(]) [bj(Yn)]tn,thrl (13)
j=1

+ > LG LV (V) b (14)
J1,92=1

+> 160 [Vt + 2 Lo LY (Yol s (15)
j=1 j=1

+ Z I(O,O) [a’(Yn)]tnvtn-‘-l + Z I(jajlva) [Lj LJl bj2 (Yn)]tnytn+(116)
Jj=1 Jd1,j2=1

Euler Maruyama (13), Milstein (13)-(14) and Taylor of order 1.5 is represented by
(13)-(16).
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The one-dimensional It6-Taylor v = 1.5, (d=m = 1)

Iv[a(Xn)]tn,th = a(Xn)At,
tnt1
I (Xa)ltntnn = 0'(Xa) /t aw;
== b(Xn)Ath
5‘1)1 tnt1
I(l,l)[lel(tmXn)]tn,tnﬂ = / /dW dW1
tn TL

= b()(n)%(xn)5 (AW,)? — Aty)

da tnt1 pt
Il a(Xa)t b = bl(Xn)a—(Xn)/ dWldt
T tn tn
= v (x)Az. Az~ N (o Lt )3>
ox " " T3
Recall L= 2 +al + 102, L'=bZ.
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The 1-dim case It6-Taylor v = 1.5, (d = m = 1) cont.

1 tn+1 t
I(Ovl)[LObl(Xn)]tn,tn+1 = (a_ 5 ) ; deWt
1
= (a_ 5 ) At AWt _AZtn)
tn+1
1(070)[L0a(Xn)]tn,tn+1 = / / dsdt
- ( 305 2)
tnt1
I [ L (X))l b = Llle/ / AW, dW,dW;
tn tn Jitn

- (b (%) + bzg?g) (Xn) (% - %) AW,
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Strong Euler-Maruyama Scheme (1955), v = 0.5

Consider the Geometric Brownian Motion, which satisfies the SDE

Xo=¢
dXt = )\Xtdt + /LXtth

where ) is called the percentage drift and p is called the percentage
volatility. The exact solution is

2

Xt = XO exp (()\ — %)t — /LWt>

Numerical solution: for Ay5 = {v,(0), (1)} (i.e ¢, = 1), we define the
Euler-Maruyama scheme

Xo=Yo—¢

Where Y,, in the numerical approximation of the exact solution X, .
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Numerical Simulation of GBM by using EM.

EM for dt=50/1000 EM for dt=10/1000

Exact Sol Exact Sol.
EM Approx. 71l e EM Approx,

6k

o 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1
t t

EM dt=1/1000

3533 H
\
wpll_f \ |
0.92 0.93 0.94 095 096 0.97
25 1
X

20 1

15 1

10 1

. |
o

o 0.2 0.4 0.6 0.8 1
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Numerical Simulation of GBM by using EM.

EM for dt=50/1000

xact Sol.
EM Approx.

0.2 0.4 0.6
t

EM dt=1/1000

0.8

\

4
A I
'

092 093 0.94 095 0.96 0.97

0.2 0.4 0.6

0.8

EM for dt=10/1000

71l e EM Approx,

Exact Sol.

0.2 0.4 0.6 0.8 1
t

Milstein CCOy=0.5013

Slope of the
Regression
line 0.5130 e
L e -7
_--e 77T
e--"~
- . 1072
Time Step

Where dt = 1072 is used to simulate exact solution.

Mostafa ZAHRI

Strong Approximation of SDEs. Madi

h Dec. 1, 2015



General form of EM scheme
Consider the SDE

Xo=¢
dXt == G,(t, Xt)dt + b(t, Xt)th

Numerical solution: for Ays = {v, (0), (1)} (i.e {; = 1), we define the
Euler-Maruyama scheme

Xo=Yo=¢
Yn—‘rl = Yn + a(tn, Yn)Atn + b(tn, Yn)Ath

Where Y,, in the numerical approximation of the exact solution X; and

tn41
At, :/ dt
tn

tn41
AW, = / dw,.
tn
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Stochastic Milstein Scheme (1974), v =1

For A; = {v,(0),(1),(1,1)} (i.e ¢, = 2), we define the Milstein scheme

Xo=Yy=¢
Yn+1 = Yn + CL(tn, Yn)Atn + b(tna Yn)AVth (17)
bt ) D1, V) (AW, )7 — Aty

Where Y,, in the numerical approximation of the exact solution X;, and the
additional (to E.M) is

tht1 [t
Janlay = le(tnayn)/t t dWrdw}.

The Milstein method is a first order 1t6-Taylor method. It is derived from a truncation of
the stochastic It6-Taylor expansion of the solution.
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Numerical Simulation of GBM by using Milstein.

Milstein for dt=50/1000 Milstein for dt=10/1000
10 24
N Exact Sol. oa Exact Sol.
* Milstein Approx i *  Milstein Approx
8
7
6
X 5
4
3
2
It
00 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1
t t
Milstein for dt=1/1000
4
2.9
3.5F 28
2.7
3 26
2.5
0.54 0.56 0.58 0.6 0.62 0.64
25
X
ok
15F
1
0.5

o 0.2 0.4 0.6 0.8 1
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Numerical Simulation of GBM by using Milstein.

Milstein for dt=50/1000 Milstein for dt=10/1000
N Exact Sol. | 2ol Exact Sol.
* Milstein Approx i *  Milstein Approx
8 2F
6
X 5
3
2
DO 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1
t t
Milstein for dt=1/1000 Milstein CCOy=0.9614
29
e Slope of the
s 26 Regression
° 0.540.56 0.58 0.6 0.62 0.64 |ine 0.9614
28 S _.-®
= 107 -
2 L e .
15 e -
1 o-"~ .
05 107 .
o 0.2 0.4 0.6 0.8 1 10 . 10
t Time Step

Where dt = 1072 is used to simulate exact solution.
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Stochastic Taylor Scheme with order v = 1.5

For A1~5 = {U, (0)7 (1)7 (17 1)7 (07 0)7 (17 0)7 (07 1)7 (17 17 1)} (Ie gl = 3)' we
define the 1t6-Taylor scheme with order v = 1.5:

Xo=Yy=¢

b
Y, 11 =Y, +aAt, + bAth + ng ((Ath)2 — At,)
1 ,0%a da
c% 82b
B Lpoh )(AtnAW _AZ )
* (aax + 2 Ox? tn tn

() 2 sy oo

Where Y,, in the numerical approximation of the exact solution X; and
AZ,, is a normal distributed random variable AZ;, ~ N (0, 3(At,)?)
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Numerical Simulation of GBM by using Taylor.

Taylor for dt=50/1000 Taylor for dt=10/1000

Exact Sol.

— Exact Sol.
- Taylor Approx 1 7t| = Taylor Approx|

o 0.2 0.4

Taylor for dt=1/1000

0.6 0.8 1 o 0.2 0.4 0.6 0.8
t t

195

19
185

18
1.75LL A

"'0.26 0.28 0.3 0.32 0.34 0.36 0.38|
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Numerical Simulation of GBM by using Taylor.

26

2.4

22

Taylor for dt=50/1000

Exact Sol.

- Taylor Approx

0.2 0.4 0.6 0.8 1

t

Taylor for dt=1/1000

AN/WW

1.75LL 4
0.26 0.28 0.3 0.32 0.34 0.36 0.38

Error

Taylor for dt=10/1000

— Exact Sol.
7t| = Taylor Approx|
ok
sk
X
ab
sk
A
10 0.2 0.4 0.6 0.8
t
Taylor CCOy=1.4622
107
- o -
107 7 -
- °”
¢~ .
107 ~
10 . 10
Time Step

Where dt = 1072 is used to simulate exact solution.
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Computational Convergence Orders

CCO for EM, Milstein and Taylor

10tk Eul er y=9_._5_1_3_0.:::::===-——0 ]
5 6---""~ M1l stein y=0.9614
= 107 1
LLl -

—”."”’

o ’,,—0"”Tayl or y=1.4622 1

o

10

107° 107

Time Step

Increasing the number of discretization time-points and the number of simulations leads
to the best estimation of computational convergence orders. In our cases, we have used a
time step dt = 1073 and M = 1000 simulation for each numerical simulation.
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Concluding Remarks

@ The Milstein scheme converges with strong order v = 1 and weak order
[ = 1. It has a higher order of convergence in the strong sense than the
Euler-Maruyama scheme, but gives no improvement in the weak sense.

@ The Milstein scheme does not correspond to a stochastic Taylor
scheme for an hierarchical set for the week convergence.

@ Pathwise convergence was already considered for RODEs and is also
interesting for SODEs because numerical calculations of the random
variables Y}, in the numerical scheme above are carried out path by
path. (P.E. Kloeden and A. Neuenkirch, The pathwise convergence of approximation schemes for stochastic differential

equations, LMS J. Comp. Math. 10 (2007))

@ It6 stochastic calculus is, however, an L? or a mean-square calculus
and not a pathwise calculus.

@ For the week convergence and their construction especially Hierarchical
sets, we suggest the monograph of Kloeden, Peter E., Platen, Eckhard
Numerical Solution of Stochastic Differential Equations.
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Brownian motion derivatives: White and colored noises

Ito — Integral Gaussian (White Noise)
1 tin d
5 (AW:)? = At) = W TgWi=m
; .
N e e~ EN(Ov 1)
Wi
BM increment e N\, Gaussian (Random Variable)
tit1
AWti = Wti+1 - Wti Weds = ZA”
ti )
e
AWy, ~ N(0,VAt;) Zy ~ gN(o, 1)

The white noise as a stationary process has the following properties:

BE(Eny) =0, Var(€ay) = Ait; C’ov({At(t),fAs(s)) —0; ift#s

where da¢(t) ) is an approximation of the following §—function: This noise is called white
whenever one talks about uncorrelated (or independent) noise at each pixel. White noise

is the noise signal whose power spectrum is flat (the Fourier transform of its covariance).
Otherwise the noise is called Colored Noise.
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Outlook Research and Graduate-Lectures

@ More details about stability, consistency and scheme properties
@ Implicit schemes and relationship to stability
@ Multistep stochastic schemes for SDEs

Extrapolation (Richardson-like) stochastic schemes for SDEs

(]

Variance Reduction: Reduction of the number of sample for getting
same results
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