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Taylor Expansion: Source of Num. Approximations

The Taylor expansion of a real function f(x) that is infinitely differentiable at a real

x0 is

f(x) =
∑

j∈A

(x − x0)j

j!
f (j)(x0)

︸ ︷︷ ︸

Approximation T erm Pn(x)

+
∑

j∈B(A)

(x − x0)j

j!
f (j)(x0)

︸ ︷︷ ︸

Remainder T erm

(1)

where A := {0, 1, . . . , p} and B(A) represents the ’classical’ complement of A in N0.

The stochastic Taylor-Expansion of a real valued stochastic process function f(t, Xt)

at (τ, Xτ )

f(τ, Xτ ) =
∑

α∈A

Iα[fα(ρ, Xρ)]

︸ ︷︷ ︸

Approximation T erm

+
∑

α∈B(A)

Iα[fα(., X.)]ρ,τ

︸ ︷︷ ︸

Remainder T erm

, (2)

where ρ and τ are Stop-times satisfying ..., Xt is an adapted Itô process, A is an

index set of the main approximation term and B(A) represents the complement of A
in a corresponding index set.
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Taylor Expansion by using Differential Operators
Starting from the ODE x′(t) = f(t, x(t)), we write the deterministic Taylor
by using differential operators

x′′(t) =
d

dt
f(t, x(t)) = Lf(t, x(t))

x′′′(t) =
d

dt
Lf(t, x(t)) = L2f(t, x(t))

...

x(j)(t) = Lj−1f(t, x(t)), j = 1, 2, . . .

L0f(t, x(t)) = f(t, x(t)); L−1f(t, x(t)) = x(t)

Hence, the Taylor expansion of x(t) on the neighborhood of tn+1 for a given
discretization t = t0 < t1 < · · · < tN = T ; hn = ∆tn is given by

x(tn+1) =
∑

j∈A

Lj−1f(tn, x(tn))
hj

j!
+

∑

j∈B(A)

Lj−1f(tn, x(tn))
hj

j!
(3)

where A := {0, 1, . . . , p} and B(A) represents the ’classical’ complement of A in N0.
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Random and Stochastic ODEs

Random ordinary differential equations (RODEs) are pathwise ODEs
that contain a stochastic process in their vector field functions.

x′(t) = f(ξ(ω), x(t)) ⇐⇒ x′

ω(t) = gω(t, x(t)) for ω ∈ Ω (a.s)

Clearly, once ω is fixed, all classical numerical schemes for ODEs are
pathwise applicable for RODEs.

Stochastic ordinary differential equations (SODEs) or (SDEs) are
differential equation in which one or more of the terms is a stochastic
process, resulting in a solution which is itself a stochastic process.

Consequently, classical numerical schemes for ODEs are not directly
applicable for SDE.

SO, we need stochastic Differentiation and Integration.
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The Road to the Computational Stohastics

Goal: Approximation Methods for Stochastic Processes.

The stochastic processes, solution of Stochastic ODEs, are continuous
BUT! Not differentiable!

How could, we use the stochastic Taylor expansions of solutions with a
new concept of differentiability!

How could we define the differentiability for stochastic processes!

The intervention of Itô formula is a good start! Especially in integral
form.

The Itô-Taylor expansions have sense by using some appropriate
modifications.

We start by setting up some basics on the Theory of Stochastic Calculus.
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Sigma-Algebra

Let Ω be a non-empty set and denote by P(Ω) the power set. The set
A ⊆ P(Ω) is called σ-Algebra, if it satisfies the following conditions:

(i) Ω ∈ A,

(ii) B ∈ A ⇒ Bc ∈ A,

(iii) Bi ∈ A, i = 1, 2, 3, ... ⇒ ⋃

i Bi ∈ A.

Example

(i) If Ω ⊂ N then {φ, Ω} and P(Ω) are sigma-algebras of subsets of Ω.

(ii) If Ω = {1, 2, 3} then A =
{

1, {1, 2}, Ω, {2}, {1, 3}, φ, {3}, {2, 3}
}

.

(ii) If Ω = R then the set A of all sets of the form [a, b], (a, b], (a, b) and
[a, b) is a sigma-algebra, where a, b ∈ R.
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Probability Map

A probability measure P is a map with the following proprieties:

(i) P : A → [0, 1], (positivity property.

(ii) P (Ω) = 1, (sure event).

(iii) For any pairwise disjoint (Bi)i∈N ∈ A, it holds P
(
⋃

i∈N

Bi

)

=
∑

i∈N

P (Bi).

(countably additive (a.k.a. sigma-additive)).

The properties above are usually referred to the Kolmogorov Axioms.

A probability map is also called a probability function.

The probability of an impossible event is always zero 0 :The probability

of getting a number greater than 6, when a die is thrown once, is an impossible

event, as the highest number in a die is 6.
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Probability Space

The Tuple (Ω, A) is called measurable space

The Triple (Ω, A, P ) is called probability space.

The real valued map X : Ω → R is called random variable, if X is
A−measurable: For all t ∈ R, it holds

{

X 6 t
}

:= X−1
(

] − ∞, t]
)

=
{

ω ∈ Ω : X(ω) ∈] − ∞, t]
}

∈ A,

If d ∈ N and X1, . . . , Xd are random variables defined on the same P.S.,
the X = (X1, . . . , Xd) will be called random vector.
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Filtration

A family (Ft)t∈T
(T = N or [0, ∞)) of σ-Algebras is called filtration if the

following properties are satisfied:

(i) for all t ∈ T, Ft ⊂ A, (measurability property)

(ii) for all s, t ∈ T = N : s 6 t ⇒ Fs ⊆ Ft, (increasing measurable

information)

It is important to know that:

A filtration F is right continuous if ∀ t ∈ T, Ft =
⋂

ε>0
Ft+ε,

F0 contains the zero-set A, if {A : A ∈ A, P (A) = 0} ⊆ F0.
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Stochastic Processes

Consider a probability space (Ω, A, P ) and an index set T ⊆ R
+.

The map X : T× Ω → R is called stochastic process if Xt : Ω → R is
a random variable for each t ∈ T. (Xt(ω) ≡ X(t, ω)).

If T = N0 then Xt is called a discrete time stochastic process.

If T = R+ then Xt is called a continuous time stochastic process.

A d-dimensional stochastic process is a family of d-dimensional
random vectors (Xt)t∈T. (d ∈ N).

The process (Xt)t∈T is measurable, if the process T × Ω → R
d,

(t, ω) 7→ Xt(ω) is (B(T) ⊗ F) − B(Rd) measurable.

The process (Xt)t∈T is called progressive measurable with respect to
the filtration F , if for any t ∈ T the process [0, t] × Ω → R

d,

(s, ω) 7→ Xs(ω) is (B([0, t]) ⊗ Ft) − B(Rd) measurable.
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Sample of discrete-time Stochastic Processes

For any fixed ω ∈ Ω the function T = N0 → R
d, t 7→ Xt(ω) is called a

Realization or Trajectory of the process (Xt)t∈T

1 6 11 16 21 26 31 36 41 46 5050
−4

−3

−2

−1

0

1

2

3

t∈  {0,1,…,50}

x

Discrete time N=50 (steps) R=+0.5 or −0.5 Start point X0 = 1
(Not random)

The process Xt is generated
by using a Bernoulli
Distribution B(0.5).

Xt+1 = Xt + R(∼ B(0.5)).

R = +0.5 or −0.5 up-down

The figure above shows three different realizations of the time discrete
stochastic process Xt.
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Sample of continuous-time Stochastic Processes

For any fixed ω ∈ Ω a continuous Realization of the process (Xt)t∈[0,1] is
constructed by generating random numbers for a discretization of the
continuous time-interval [0, 1].

0 0.2 0.4 0.6 0.8 1

0.8

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

t

x

Discrete time N=500 (steps) R=+0.05 or −0.5

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

6

7

t
x

Discrete time N=5000 (steps) R=+0.05 or −0.5

For the left-figure ∆t = 1/500 and for the right-figure ∆t = 1/5000.

For t ∈ (t0 + j∆t, t0 + (j + 1)∆t) linear interpolation is applied.

Continuous means in the computational sense ∆t << 1.
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Martingale and Stop time processes

Let be a filtration F = (Ft)t∈T and a reel process X = (Xt)t∈T such that
(i) X is F adapted (i.e. ∀t ∈ T : Xt is Ft − measurable), and
(ii) for all t ∈ T : E(|Xt|) < ∞.

X is called martingale with respect to the filtration F , if

E(Xt|Fs) = Xs (a.s)

A map ρ : Ω → T ∪ {∞} is called stop time with respect to (Ft)t∈T, if

∀ t ∈ T : {ρ 6 t} ∈ Ft.
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Brownian motion (standard wiener process)

A one-dimensional Brownian motion (also called standard Wiener
process) is a real-valued stochastic process {Wt}t>0, defined on a
probability space (Ω, A, P ) with filtration F , indexed by nonnegative real
numbers t with the following properties:

1 W0 = 0.

2 With probability 1, the function t 7−→ Wt is continuous in t.

3 The process {Wt}t>0 has stationary, independent increments.

4 The increment Wt − Ws is normally distributed with mean zero and
variance t − s i.e

Wt − Ws ∼
√

t − sN (0, 1), for all t > s.
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m-dimensional Brownian motion

For t ∈ T, m ∈ N, a m-dimensional Brownian motion is given as:

Wt =
(

W 1
t , . . . , W m

t

)T
,

where

For all i = 1, . . . , m, (W i
t )t∈T are independent one dimensional

Brownian motions.

For 0 6 t0 < . . . < tn−1 < tn the increments (Wt1
− Wt0

), . . . ,

(Wtn
− Wtn−1

) are independent identicaly distributed (i.i.d)

The Brownian motion was first discovered by the Scottish botanist Robert Brown in 1827. The notion

that the increments of the Brownian motion are normally distributed is the source of immense scientific

results, either in stochastic analysis or in the interpretation of physical, biological, econometric models.

We refer the reader to [1].
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Box Muller transform

The Box-Müller method takes independent standard uniform random
variables U1 and U2 and produces independent standard normals X1 and X2

using the formulas:

θ = 2πU1, R =
√

−2 ln(U2), X1 = R cos(θ), X2 = R sin(θ). (4)

In other words from two random numbers u1 , u2 ∈ (0, 1] (generated by a
uniform distribution), we produce two independent standard normally
distributed numbers n1 and n2, namely:

n1 =
√

−2 ln(u1) cos(2πu2), n2 =
√

−2 ln(u1) sin(2πu2). (5)

The Box-Müller transform was suggested by George Edward Pelham Box and Mervin Edgar Müller (1958)
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Generating random numbers: Box Muller transform
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Simulation of the Brownian motion: Algorithm

Let 0 = t0 < t1 < . . . < tN = T be an equidistant discretization of the time
Interval [0, T ], i.e. tk = k∆ with ∆ = T

N
. Since the BM increments are i.i.d

and normally distributed. we have

Wt0
= W0 = 0

Wtk+1
= Wtk

+ R
√

∆t where R ∼ N (0, 1).

To simulate the path of a Brownian motion

the values Wtk
∀k = 0, 1, . . . , N are per recursion obtained,

for all t ∈]tk, tk+1[, Wt are linearly interpolated.
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Simulation of the BM.
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Simulation Planar Brownian motion
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Multi-Planar BM

The two dimensional plot of several planar Brownian motions by using different colors.
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Integration instead of differentiation

The integration of the solutions in time is achieved by using the Itô formula
in integral form instead of the nondifferentiability (mathematical problem).

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

Integrable curve

Non−differentiable path

The figure above shows a nowhere differentiable stochastic process and a
bounded area under the curve.
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Stochastic Itô-Integral

Let (Ω, A, P ) be a probability space with Filtration F = (Ft)t∈T
. For T > 0,

the set ΛT is the set of F -adapted stochastic process such that

E

(
∫ T

0 Z2
s ds

)

< ∞. The Itô-Integral with respect to BM is given as:

I[Z]0,t :=
∫ t

0
ZsdWs = lim

N→∞
I(N)[Z]0,t

where Z ∈ ΛT and I(N)[Z]0,t =
N∑

k=1
Z

t
N,l

k−1

(W
t
N,l

k

− W
t
N,l

k−1

), for

τ l
N = {t

N,l
k : k = 0, . . . , N und l ∈ N} a discretization sequence of [0, t].

The limit lim
N→∞

E(I[Z]0,t − I(N)[Z]0,t)
2 = 0 exists in L2(P ) and it is

unique for all t ∈ [0, T ]. (See [7]).
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Stochastic Itô-Integral: Useful results

Consider a one dimensional Brownian motion and a non-necessary uniform
time discretization tk = k T −t0

2n of the interval [t0, T ]. Then we have,

1). lim
n→∞

2n−1∑

k=0

(∆tk)2 = lim
n→∞

2n−1∑

k=0

∆tk∆Wtk
= lim

n→∞

2n−1∑

k=0

∆Wtk
∆tk = 0.

2). lim
n→∞

2n−1∑

k=0

(∆Wtk
)2 =

∫ T

t0

ds = (T − t0). (Convergence in L2)

where ∆tk = tk+1 − tk and ∆Wtk
= Wtk+1

− Wtk
.

This means
dtdt = dtdWt = dWtdt = 0 ,

dWtdWt = dt.
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Stochastic Itô-Integral: Examples

Using the definition of the Itô integral:

∫ t

0
dWs = lim

n

n∑

i=0

(

Wti+1
− Wti

)

= Wt − W0

∫ t

0
WsdWs = lim

n

n∑

i=0

Wti

(

Wti+1
− Wti

)

= lim
n

n∑

i=0

Wti
∆Wti

(Wt)
2 − 2Wti

∆Wti
=

n∑

i=0

(

∆Wti

)2

=
1

2
(Wt)

2 − 1

2
lim

n

n∑

i=0

(

∆Wti

)2

︸ ︷︷ ︸

→t (in L2)

later !!!

=
1

2
(Wt)

2 − 1

2
t

Clearly the behavior of the second integral is different from the Riemann-Stieltjes
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Itô-Integral proprieties

[Linearity] Consider (Z
(1)
t )t∈T, (Z

(2)
t )t∈T ∈ ΛT and K1, K2 ∈ R. For

I[Z(1)]0,t =
∫ t

0 Z(1)
s dWs and I[Z(2)]0,t =

∫ t
0 Z(2)

s dWs, it holds

I[K1Z
(1) + K2Z(2)]0,t = K1I[Z(1)]0,t + K2I[Z(2)]0,t

[Martingale]

E(I[Z]0,t|Fs) = I[Z]0,s, ∀s, t, 0 < s < t.

[Itô Isometry]

E(I[Z]0,t)
2 = E

( ∫ t

0
Z2

udu

)

, ∀t, 0 6 t 6 T.

[Continuity of It] The process I[Z]0,t is continuous with respect to t:
It exists a continuous process ht such that

P (ht = I[Z]0,t) = 1 ∀t, 0 6 t 6 T
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Multi-indices

For m ∈ N and F = {0, 1, . . . , m}.For α = (j1, . . . , jl) where ji ∈ F and
1 6 i 6 l. We denote the size and the number of zero componentsof α

ℓ(α) := ℓα number of components of α

n(α) := nα number of zero components of α

The set of all multi-indices with respect to F is represented by

M =
∞⋃

l=1

F l ∪ {v}, (6)

where v refers to the empty multi-index with size zero. The following
example gives more sense for the definition above:

Example

For α = (1, 0, 2) it holds ℓ(α) = 3 and n(α) = 1.

For α = (1, 0, 0, 2, 3, 1, 0, 0) it holds (α) = 8 and n(α) = 4.
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Operation on Multi-indices Set

(− operator). For α ∈ M with α = (j1, j2, . . . , jl). For l > 1, we define
α− and −α as follows:

α− := (j1, j2, . . . , jl−1) drop last component.

−α := (j2, . . . , jl) drop last component.

If ℓ(α) = l > 1 then, it implies l(−α) = l(α−) = l − 1.
If ℓ(α) = l = 1 then, it implies −α = α− = v and l(−α) = l(α−) = 0.

(⋆ operator). Let us consider
α = (j1, j2, . . . , jl), β = (i1, i2, . . . , ik) ∈ M.

The operator ⋆ is defined as:

α ∗ β := (j1, j2, . . . , jl, i1, i2, . . . , ik) and

β ∗ α := (i1, i2, . . . , ik, j1, j2, . . . , jl).
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Useful Stochastic Process Sets

Define the set H as a set of stochastic processes (ft)t>0, which are
progressively adapted to the associated filtration {Ft}t>0), right continuous
and the left limit exists. Moreover, define the sets Hv, H(0), H(1) as follows

1 Hv := {f ∈ H : ∀ t > t0 |f(t, w)| < ∞ a.s.} ,

2 H(0) :=
{

f ∈ H : ∀ t > t0

∫ t

t0

|f(s, w)|ds < ∞ a.s.
}

,

3 H(1) :=
{

f ∈ H : ∀ t > t0

∫ t

t0

|f(s, w)|2ds < ∞ a.s.
}

.

For j ∈ F\ {0} one sets H(j) = H(1). Here H(α) is defined per recursion as
H(α) := {f ∈ H : I(α−)[f(.)]t0,. ∈ H(jl)}, for jl ∈ F and l > 2.
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Useful Notation for multiple Stochastic Integrals
Let us consider α = (j1, j2, . . . , jl) a multi-index and (Wt)t>0 an
m-dimensional Brownian motion. For f ∈ H(α), multiple Itô-Integrals are
defined per recursion as follows:

Iα[f(.)]t0,t :=







f(t), if l = 0
∫ t

t0

Iα−[f(.)]t0,sds, if l > 1 and jl = 0
∫ t

t0

Iα−[f(.)]t0,sdW jl
s , if l > 1 and jl > 1.

Example

W 0
t = t Iα,t = Iα[1]0,t

I(1,2)[f(.)]t0,t =
∫ t

t0

∫ s

t0

f(z)dW 1
z dW 2

s ,

I(1,2,0)[f(.)]t0,t =
∫ t

t0

I(1,2)[f(.)]0,sds =
∫ t

t0

∫ s

t0

∫ s1

t0

f(s2)dW 1
s2

dW 2
s1

ds.
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Multiple Stochastic integral
Recurrence relationship for Iα, α = (j1, j2, . . . , jn) ∈ M
Theorem

Let us consider l ∈ N and α = (j1, ..., jl) ∈ M. For t > 0, we have

I(j),tI(α),t =
l∑

i=0

I(α−[l−i])∗(j,ji+1,...,jl),t +
l∑

i=1

Bjji
I(α−[l−i+1])∗(0,ji+1,...,jl),t,

where Bjji
= δj,ji

(1 − δ0,j).

Recurrence relationship for Iα, α = (j, j, . . . , j) ∈ M
Corollary

Consider l, j ∈ N and α = (j, j, . . . , j) with l(α) = l. It holds:

Iα,t =







tl

l!
for j = 0,

1
l
(W j

t Iα−,t − tIα−[2],t) for j > 1.
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Multiple Stochastic integral for α = (j, j, . . . , j)

Lemma

We have the following values of the multiple stochastic integrals for the special case
α = (j, j, . . . , j) ∈ M:

I(j,j),t =
1

2
(I2

(j),t − t) =
1

2

(

(W j
t )2 − t

)

. (7)

I(j,j,j),t =
1

3

(

I(j),t

1

2
(I2

(j),t − t) − tI(j),t

)

=
1

3!

(

I3
(j),t − 3tI(j),t

)

, (8)

I(j,j,j,j),t =
1

4!

(

I4
(j),t − 6tI2

(j),t + 3t2
)

, (9)

I(j,j,j,j,j),t =
1

5!

(

I5
(j),t − 10tI3

(j),t + 15t2I(j),t

)

, (10)

I(j,j,j,j,j,j),t =
1

6!

(

I6
(j),t − 15tI4

(j),t + 45t2I2
(j),t − 15t3

)

, (11)

I(j,j,j,j,j,j,j),t =
1

7!

(

I7
(j),t − 21tI5

(j),t + 105t2I3
(j),t − 105t3I(j),t

)

. (12)
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Computational value of MSI

If W j1

t and W j2

t are two independent Brownian motions the MSI

I(j1,j2)t0,t =

∫ t

t0

∫ s1

t0

dW j1

s dW j2

s1
,

can not be evaluated exactly.
Some proposed approximation could be found in literature

in [4], one use of the periodic concept of Brownian Bridge and the Fourier series
gives another approximation method.

direct evaluation of the variation given by:

Î(j1,j2)t0,t =

m−1∑

i=0

∫ ti+1

ti

∫ ti

t0

dW j1

s dW j2

s1
=

m−1∑

i=0

(W j1

ti
− W j1

t0
)(W j2

ti+1
− W j2

ti
) (13)

other methods: for instance in Habilitation of Thomas Müller Gronbach [3].

Therefore, α = (j1, j2, . . . , jn) ∈ M for at least ji 6= jk components of α the MSI Iα, has
no exact analytical expansion, Thus approximation methods are needed.
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Itô Process, Stochastic differential equation
Let (Wt)t∈T be an m-dimensional Brownian motion defined on a (Ω, A)m

with right continuous augmented filtration F = (Ft)t∈T. The process
(X1

t . . . , Xd
t ) is called Itô Process, iff it has the following form

X i
t = X i

t0
+

∫ t

t0

ai
sds

︸ ︷︷ ︸

Riemann−integral

+
m∑

j=1

∫ t

t0

bi,j
s dW j

s

︸ ︷︷ ︸

Itô−integral

, (SDE)

where for all i = 1, . . . , d, and j = 1, . . . , m; the drift vector(ai
t)t∈T and the

diffusion matrix (bi,j
t )t∈T are Ft adapted and satisfy

∫ T
t0

ai
sds < ∞ and

∫ T
t0

(bi,j
s )2ds < ∞ a.s.

The (SDE) refers to the stochastic differential equation in integral
form and in differential form is given by

dXt = a(t, Xt)dt + b(t, Xt)dWt
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Higher order Itô formula

Let us consider the functional f : [t0, T ] × R
d → R with continuous partial

derivatives
∂f

∂t
,

∂f

∂xi
and

∂2f

∂xi∂xj
for i = 1, . . . , d. Moreover, consider a

d-dimensional Itô-Process (Xt)t∈T, then we have,

f(t, X1
t , . . . , Xd

t ) = f(t0, X1
t0

, . . . , Xd
t0

) +
∫ t

t0

∂f

∂s
(s, X1

s , . . . , Xd
s )ds

+
d∑

i=1

∫ t

t0

∂f

∂xi
(s, X1

s , . . . , Xd
s )dX i

s

+
1

2

d∑

i,j=1

∫ t

t0

∂2f

∂xixj
(s, X1

s , . . . , Xd
s )d < X i, Xj >s,

where d < X i, Xj >s=
m∑

k=1
bi,k(s, Xs)b

j,k(s, Xs)ds
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One dimensional Itô formula
The one dimensional case d = m = 1 of the Itô-Formula is given as

f(t, Xt) = f(t0, Xt0
) +

∫ t

t0

{

∂f

∂s
(s, Xs) + as

∂f

∂x
(s, Xs) +

1

2
b2

s

∂2f

∂x2
(s, Xs)

}

ds

+
∫ t

t0

bs

∂f

∂x
(s, Xs)dWs.

Proof idea: By using the Taylor expansion of order two: (all convergence in L2)

f(t, Xt) = f(t0, Xt0
) +

2n−1∑

k=0

∆f(tk, Xtk
)

= f(t0, Xt0
) +

2n−1∑

k=0

∂f

∂t
∆tk

︸ ︷︷ ︸

→
∫

t

t0

∂f

∂t
ds

+

2n−1∑

k=0

∂f

∂x
∆Xtk

︸ ︷︷ ︸

→
∫

t

t0

∂f

∂x
asds+

∫
t

t0

∂f

∂x
bsdWs

+
1

2

2n−1∑

k=0

∂2f

∂x2
(∆Xtk

)2

︸ ︷︷ ︸

→
∫

t

t0

∂2f

∂x2
b2

s
ds

+

2n−1∑

k=0

∂2f

∂t∂x
∆tk∆Xtk

︸ ︷︷ ︸
→0

+
1

2

2n−1∑

k=0

∂2f

∂t2
(∆tk)2

︸ ︷︷ ︸
→0

+

2n−1∑

k=0

Rk

︸ ︷︷ ︸
→0

.
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One dimensional Itô formula: Example

For f(t, x) = 1
2
x2 with Xt = Wt and at = 0, bt = 1. Applying Itô formula:

df =
∂f

∂t
dt + at

∂f

∂x
dt + bt

∂f

∂x
dW +

1

2
b2

t

∂2f

∂x2
dt

=
∂f

∂t
dt + (1)

∂f

∂x
dW +

1

2
(1)2 ∂2f

∂x2
dt

=
∂f

∂t
dt +

∂f

∂x
dW +

1

2

∂2f

∂x2
dt

=
∂f

∂x
dW +

1

2

∂2f

∂x2
dt

Hence
1

2
dW 2

t = WtdWt +
1

2
dt and

1

2

∫

dW 2
s =

∫

WsdWs +
1

2

∫

dt Thus,

It =
∫ t

0
WsdWs =

1

2
(W 2

t − t)

We got the same result as by using the variational calculus.
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Exact Solution of SDE

Let a (drift) and b (diffusion) are two measurable vector functions defined as
follows: a : [t0, T ] × R

d → R
d, b : [t0, T ] × R

d → R
d×m. If the d−dim SDE

with a Ft0
-measurable initial condition Xt0

= Υ (RV), independent from
σ(W ), satisfies:

1 (Lipschitz condition) For t ∈ [t0, T ], x, y ∈ R
d and a constant K > 0:

‖a(t, x) − a(t, y)‖ 6 K‖x − y‖ and ‖b(t, x) − b(t, y)‖ 6 K‖x − y‖

2 (Linear Growth) For t ∈ [t0, T ], x ∈ R
d and a constant D > 0:

‖a(t, x)‖2 + ‖b(t, x)‖2
6 D(1 + ‖x‖2).

then the SDE has a pathwise unique solution Xt on [t0, T ] with

E

(

sup
t06s6T

|Xs|2
)

< ∞.

Mostafa Zahri Agadir, 19-21 October 2015 39 / 1



Simulation of Exact Solution of a SDE

Consider the linear SDE: Xt = aXtds + bXtdWt with exact solution

Xt = Xt0
exp

(

(a − 1

2
b2)t + bWt

)
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Brownian motion derivatives: White and colored noises

Itô − Integral Gaussian (White Noise)
1

2
((∆Wti

)2 − ∆ti) =

∫ ti+1

ti

WsdWs

d

dt
Wt = ξt

տ ր ξt ∼ 1√
∆t

N (0, 1)

Wt

BM increment ւ ց Gaussian (Random Variable)

∆Wti
= Wti+1

− Wti

∫ ti+1

ti

Wsds = Z∆ti

∆Wti
∼ N (0,

√
∆ti) Zt ∼

√

t3

3
N (0, 1)

The white noise as a stationary process has the following properties:

E(ξ∆t) = 0; V ar(ξ∆t) =
1

∆t
; Cov

(

ξ∆t(t), ξ∆s(s)
)

= 0; if t 6= s

where δ∆t(t) ) is an approximation of the following δ−function: This noise is called white
whenever one talks about uncorrelated (or independent) noise at each pixel. White noise
is the noise signal whose power spectrum is flat (the Fourier transform of its covariance).
Otherwise the noise is called Colored Noise.
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Time series of White and colored Noises
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Random and Stochastic ODEs, ’again’

Consider the RODE
dx

dt
= a(x) + b(x)ζ∆

t (14)

The noise in physical systems usual has a wide band spectrum, i.e. a ∆-correlated
stationary Gaussian process ζ∆

t

white noise limit as ∆ → 0.

The RODE (14) leads to the so called Stratonovich1 SDE

dXt = a(Xt) + b(Xt) ◦ dWt (15)

The Stratonovich SDE with a Wiener process can be rewritten as stochastic
differential system of equations

Example

dx

dt
= −x + sin(Wt) ⇔ d

(
Xt

Yt

)

=

(
−Xt + sin(Yt)

0

)

dt +

(
0
1

)

dWt

1Wong & Zakai (1965), Godin & Molchanov (2007)
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Equivalence SDEs vs RODEs
In general a stochastic differential equations SODEs can be rewritten as RODEs

dXt = f(Xt)dt + dWt ⇔ dz

dt
= f(z + Ot) + Ot

where Ot is the stochastic stationary Ornstein-Uhlenbeck process satisfying the linear SDE

dOt = −Otdt + dWt and z(t) = Xt − Ot

The continuity and the fundamental theorem of calculus implies the pathwise
differentiability2 of

z(t) = Xt − Ot

= X0 − O0 +

∫ t

0

(

f(Xs) + Os

)

ds

= z(0) +

∫ t

0

(

f(z(s) + Os) + Os

)

ds

So, We can use deterministic calculus pathwise for RODEs3

2Doss, Sussmann (1970s), Imkeller, Lederer, Schmalfuss (2000s)
3Peter Kloeden and Arnuf Jenzen.
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