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Taylor Expansion: Source of Num. Approximations

@ The Taylor expansion of a real function f(z) that is infinitely differentiable at a real

o) is

fa) = T oy ¢y @B 0|

e ! jeBa)  J° !

Approximation Term Pp(x) Remainder Term

where A :={0,1,...,p} and B(A) represents the 'classical’ complement of A in Ny.

@ The stochastic Taylor-Expansion of a real valued stochastic process function f(t, X;)
t (7, X7)

Xo) = Llfalp. X))+ X2 Lalfa( X))o, (2)

acA a€cB(A)

Approximation Term Remainder Term

where p and 7 are Stop-times satisfying ..., X; is an adapted It process, A is an
index set of the main approximation term and B(.A) represents the complement of A
in a corresponding index set.
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Taylor Expansion by using Differential Operators

Starting from the ODE 2/(t) =
by using differential operators

:L.I/ (t)

x/l/ (t)

:L’(j)(t)
LOf(t, x(t))

f(t,x(t)), we write the deterministic Taylor

d
SH (k) = L2 (0)

d 2
SLIa(®) = L2 (¢, a(t)

L f(ta), j=1,2,...
fla()); LNt a(t) = a(t)

Hence, the Taylor expansion of z(t) on the neighborhood of ¢, for a given

discretization t =ty < t; < ---

<ty =T;h, = At, is given by

jeA

i) = X L et )4 5 D sl

LI

JEB(A) 7!

where A:={0,1,...,p} and B(A) represents the 'classical’ complement of A in Np.
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Random and Stochastic ODEs

@ Random ordinary differential equations (RODEs) are pathwise ODEs
that contain a stochastic process in their vector field functions.

2(t) = f(§(w), x(t)) <= () = gu(t,2(t)) for weQ (as)

@ Clearly, once w is fixed, all classical numerical schemes for ODEs are
pathwise applicable for RODEs.

@ Stochastic ordinary differential equations (SODEs) or (SDEs) are
differential equation in which one or more of the terms is a stochastic
process, resulting in a solution which is itself a stochastic process.

@ Consequently, classical numerical schemes for ODEs are not directly
applicable for SDE.

SO, we need stochastic Differentiation and Integration.
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The Road to the Computational Stohastics

@ Goal: Approximation Methods for Stochastic Processes.

@ The stochastic processes, solution of Stochastic ODEs, are continuous
BUT! Not differentiable!

@ How could, we use the stochastic Taylor expansions of solutions with a
new concept of differentiability!

@ How could we define the differentiability for stochastic processes!

@ The intervention of It6 formula is a good start! Especially in integral
form.

@ The It6-Taylor expansions have sense by using some appropriate
modifications.

‘We start by setting up some basics on the Theory of Stochastic Calculus. ‘
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Sigma-Algebra

Let Q2 be a non-empty set and denote by P(€2) the power set. The set
A CPB(Q) is called o-Algebra, if it satisfies the following conditions:

(1) Qe A,
(it) Be A= B° € A,

Example

(2) If Q2 C N then {¢,Q} and P(f2) are sigma-algebras of subsets of €.

(i7) If Q = {1,2,3} then A = {1, (1,2),9, {2}, {1,3}, ¢, {3}, {2,3}}.

(i7) If Q@ =R then the set A of all sets of the form [a, b], (a, b], (a, b) and
[a, b) is a sigma-algebra, where a,b € R.
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Probability Map
A probability measure P is a map with the following proprieties:
(1) P: A—10,1], (positivity property.
(17) P(2) =1, (sure event).
(iit) For any pairwise disjoint (B;),.y € A, it holds P( U BZ-) =Y P(B).
ieN i€N
(countably additive (a.k.a. sigma-additive)).

@ The properties above are usually referred to the Kolmogorov Axioms.
@ A probability map is also called a probability function.

@ The probability of an impossible event is always zero 0 :The probability
of getting a number greater than 6, when a die is thrown once, is an impossible
event, as the highest number in a die is 6.
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Probability Space

@ The Tuple (€2,.A) is called measurable space
@ The Triple (2, A, P) is called probability space.

@ The real valued map X : €2 — R is called random variable, if X is
A—measurable: For all t € R, it holds

(X<t} = x7(] = o0,f]) = {w €0 X(w) €] —oo,t]} € A,

o IfdeNand X',..., X% are random variables defined on the same P.S_,
the X = (X1,..., X9) will be called random vector.
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Filtration

A family (F;),cr (T =N or [0,00)) of o-Algebras is called filtration if the
following properties are satisfied:

(i) forallt € T, F; C A, (measurability property)

(i7) forall s,t e T=N:s <t = Fs; C F;, (increasing measurable
information)

It is important to know that:

@ A filtration F is right continuous if V¢t € T, F; = (| Frie,
e>0

@ F; contains the zero-set A, if {A: A e A P(A) =0} C F.
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Stochastic Processes
Consider a probability space (€2, A, P) and an index set T C R™.

@ Themap X : T x 2 — R is called stochastic process if X; : () = R is
a random variable for each t € T. (X;(w) = X (¢,w)).

o If T = Ny then X, is called a discrete time stochastic process.
@ If T = R+ then X; is called a continuous time stochastic process.

@ A d-dimensional stochastic process is a family of d-dimensional
random vectors (X;)er. (d € N).

@ The process (X;):er is measurable, if the process T x 2 — R?,
(t,w) = X;(w) is (B(T) ® F) — B(R?) measurable.

@ The process (X;):er is called progressive measurable with respect to
the filtration F, if for any ¢ € T the process [0,t] x Q — RY,
(5,w) — X (w) is (B([0,1]) @ F¢) — B(R?) measurable.
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Sample of discrete-time Stochastic Processes

For any fixed w € 2 the function T = Ny, — R,
Realization or Trajectory of the process (X;);cr

t— Xy(w) is called a

@ Start point Xy =1

Discrete time N=50 (steps) R=+0.5 or -
1 (Not random)

2F P

1k

ok

X

s

s

-3+

4l

1 6 11

16

36

41

46 50

@ The process X; is generated
by using a Bernoulli
Distribution B(0.5).

® X1 =X; + R(~ B(0.5)).
@ R =+0.5 or —0.5 up-down

]
t0{0,1,...,.50}

The figure above shows three different realizations of the time discrete
stochastic process X;.
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Sample of continuous-time Stochastic Processes

For any fixed w € € a continuous Realization of the process (X;)ic[o,1 is
constructed by generating random numbers for a discretization of the
continuous time-interval [0, 1].

Discrete time N=500 (steps) R=+0.05 or -0.5 Discrete time N=5000 (steps) R=+0.05 or —0.5
T T T T 7 T T T T

0.6 0.8 1

0 02 0.4 0.6 08 1 0 02 0.4
t t

@ For the left-figure At = 1/500 and for the right-figure At = 1/5000.
@ Fort € (tg + jAt, to + (j + 1)At) linear interpolation is applied.
@ Continuous means in the computational sense At << 1.
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Martingale and Stop time processes

Let be a filtration F = (F;):er and a reel process X = (X;)ser such that
(i) X is F adapted (i.e. Vt € T : X; is F; — measurable), and
(i) for all t € T : E(|Xy]) < 0.

@ X is called martingale with respect to the filtration F, if

E(Xy|Fs) = X (a.s)

@ Amap p: Q — TU{oo} is called stop time with respect to (F;)ser, if

VieT: {p<t}eF.
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Brownian motion (standard wiener process)

A one-dimensional Brownian motion (also called standard Wiener
process) is a real-valued stochastic process {W;};>o, defined on a
probability space (£2,.4, P) with filtration F, indexed by nonnegative real
numbers t with the following properties:

Q Wy,=0.
© With probability 1, the function ¢ — W is continuous in t.
© The process {W;};~¢ has stationary, independent increments.

© The increment W; — W, is normally distributed with mean zero and
variancet — s i.e

W, — W ~ vVt —sN(0,1), forall t>s.
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m-dimensional Brownian motion

For t € T, m € N, a m-dimensional Brownian motion is given as:
T
1
W= (W)

where

@ Foralli=1,...,m, (W/}),er are independent one dimensional
Brownian motions.

@ For 0 <ty <...<tn1 <t, the increments (W, — W), ...,
(W,, — W,,_,) are independent identicaly distributed (i.i.d)

The Brownian motion was first discovered by the Scottish botanist Robert Brown in 1827. The notion
that the increments of the Brownian motion are normally distributed is the source of immense scientific
results, either in stochastic analysis or in the interpretation of physical, biological, econometric models.

We refer the reader to [1].
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Box Muller transform

The Box-Miiller method takes independent standard uniform random
variables U; and U, and produces independent standard normals X; and X,
using the formulas:

0 =2nU;, R=4/—2In(lUy), X;=Rcos(f), X,=Rsin(d). (4)
In other words from two random numbers u; ,us € (0, 1] (generated by a

uniform distribution), we produce two independent standard normally
distributed numbers n; and n,, namely:

ny =/ —2In(uy) cos(2mus), ng =/ —2In(uy) sin(2rug).  (5)

The Box-Miiller transform was suggested by George Edward Pelham Box and Mervin Edgar Miiller (1958)
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Generating random numbers: Box Muller transform

N=100 N=1000
T T
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Simulation of the Brownian motion: Algorithm

Let 0 =ty < t; <...<ty =T be an equidistant discretization of the time
Interval [0, 77, i.e. ¢, = kA with A = L. Since the BM increments are i.i.d
and normally distributed. we have

W = Wy =0
Wtk+1 = Wtk + Rv At where R~ N(O, 1)

To simulate the path of a Brownian motion
@ the values W;, Vk =0,1,..., N are per recursion obtained,

o for all t €]ty, tpr1[, Wy are linearly interpolated.
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Simulation of the BM.

dt=0.1 dt=0.01

0.4 0.4

o 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1

t t
dt=0.001 dt=0.0001

05

o 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1
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Simulation Planar Brownian motion
dt=0.001 dt=0.001

0.2 0.8

—0.2 L L L L L 16 L L L L L L L L L
-2.5 -2 -15 -1 -0.5 0 05 -12 -1 -08 -06 -04 -02 o 0.2 0.4 0.6

Al
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Multi-Planar BM

The two dimensional plot of several planar Brownian motions by using different colors.
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Integration instead of differentiation

The integration of the solutions in time is achieved by using the It6 formula
in integral form instead of the nondifferentiability (mathematical problem).

1.2 T T T T T
Non—differentiable path

1
0.8
0.6

0.4

0.2

Integrable curve

o

L L L L L L L L L
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

The figure above shows a nowhere differentiable stochastic process and a
bounded area under the curve.
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Stochastic I1t6-Integral

Let (€2, A, P) be a probability space with Filtration F = (F;),.p. For T' > 0,
the set A is the set of F-adapted stochastic process such that

E(fOT Zfds) < 00. The Ito-Integral with respect to BM is given as:

1z Ot_/ZdW_hmI [ Zos

7

N
where 7 € AT and I(N) [Z]()’t = Z ZtN,l (WtN,l — WtN,l ), for
k=1 k-1 k k—1
7h ={ty"" -k =0,...,N und [ € N} a discretization sequence of [0,].

® The limit lim E(I[Z)oy — I™[Z)o4)? = 0 exists in L2(P) and it is
—00
unique for all ¢ € [0, 7. (See [7]).
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Stochastic It6-Integral: Useful results

Consider a one dimensional Brownian motion and a non-necessary uniform
time discretization ¢, = kZ-10 of the interval [to, T']. Then we have,

2n—1 2" —1 2" —1

1). nh_)rrolo ;;) (Aty)? = hm Z At AW, = hm Z AW, At = 0.
2" 1

2). nh_>nolo (AW, )? / ds = (T — to). (Convergence in L?)
k=0

where Aty =ty —tp and AW, =W, . — W,
This means

|dtdt = dtdW, = dW,dt =
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Stochastic It6-Integral: Examples

Using the definition of the It integral:

/OtdWS = 1im Y (Wi, — W) =W, — W,
=0
/OtWSdWS = lim YW, (Wi, — W)
=0
i=0 =0
= 1(Wt)Q—lhmi(AWt.)Q later 11!
: S lim > (A
—t  (in L?)
— 1(W)2 t
- UO

Clearly the behavior of the second integral is different from the Riemann-Stieltjes
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It6-Integral proprieties

@ [Linearity] Consider (Zt(l))te’ﬂ‘, (Zt(2))t€’JI‘ € Ar and K1, K, € R. For
1ZW)os = J§ ZWdW, and 1[Z2P]y, = [5 ZPdW,, it holds

MK ZD + ,2®), = K I[ZD)o, + Ko I[Z2)],

o [Martingale]

E(I[Z)oa|Fs) = 1[Z]0s, Vs,t, 0<s<t.

o [It6 Isometry]

t
E(I[Z)o,)? = E(/O Zjdu>, Vi, 0<t<T.

@ [Continuity of I;] The process I[Z]o; is continuous with respect to ¢:
It exists a continuous process h; such that

P(hy=1[Z]oy)=1 Vt, 0<t<T
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Multi-indices
FormeNand FF'={0,1,...,m}.For a = (ji,..., ;) where j; € F and

1 <@ < 1. We denote the size and the number of zero componentsof «

o) = Ly number of components of «

n(a) = ng number of zero components of «

The set of all multi-indices with respect to F' is represented by

M:G F'u{v}, (6)

=1

where v refers to the empty multi-index with size zero. The following
example gives more sense for the definition above:

Example

For a = (1,0,2) it holds {(«) =3 and n(a)=1.
For « = (1,0,0,2,3,1,0,0) it holds () =8 and n(«a)=4.
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Operation on Multi-indices Set

@ (— operator). For « € M with a = (jy, ja, ..., Ji). For I > 1, we define
a— and —a as follows:

a— = (J1,72,.--,51-1) drop last component.
—a = (Jo,...,51) drop last component.
If {(o) =1> 1 then, it implies I[(—a) = l(a—) =1 — 1.
If {(a) =1 =1 then, it implies —a = a— = v and I(—a) = l(a—) = 0.

@ (* operator). Let us consider

a = (j17j27 .. '7jl)7ﬁ = (i17i27 .. 7Zk) S M
The operator * is defined as:

Oé*ﬁ = (j17j27 .- '7.].[7@.171.27 o '7ik) and
ﬂ*()é = (il,i2,-'-’ikajlaj27"'7jl)'
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Useful Stochastic Process Sets

Define the set H as a set of stochastic processes (f;);>0, which are
progressively adapted to the associated filtration {F;}:~0), right continuous
and the left limit exists. Moreover, define the sets H,,, H ), H() as follows

Q H, ={feH:Vt>1t, |f(t,w)]<oo as.},
QH(O)::{fEH:Vt>tO /t|f(s,w)|ds<oo a.s.},
to

t
QH(l)::{feH:Vt>t0 /|f(s,w)|2ds<oo a.s.}.
to

For j € F\ {0} one sets H;) = H(yy. Here H,) is defined per recursion as
H(a) = {f c H: I(a—)[f(‘)]tm € H(jz)}’ for YIRS Fand ! > 2.
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Useful Notation for multiple Stochastic Integrals

Let us consider oo = (jy, ja2, .- ., j1) @ multi-index and (W;)0 an
m-dimensional Brownian motion. For f € H(,), multiple It6-Integrals are
defined per recursion as follows:

(8, if1=0
t

La[f (]t == Lo [f()]to.5ds, ifl>1and 5, =0

tg
1
Lo [f()]t.cdW?, if1>1and j; > 1.

to

Example

W=t Iat:[[l]m
Tnp[fOet = /1t f(z)dwWlaw?,

to
ToaolfOhos = [ ToalfOlosds = [ [* [* plsaawiaws.
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Multiple Stochastic integral
Recurrence relationship for I,,, « = (j1, ja,- .-, Jn) € M

Theorem
Let us consider [ € N and o = (jy, ..., 1) € M. For t > 0, we have
l
Iyl = Y Lafi-il)ys(igiss,mii)t + Z 5L (o {1— i )0 i1, )
i=0 =1

where Bjj, = 6;,(1 — do,5)-

Recurrence relationship for I,,, « = (j,7,...,7) € M

Corollary

Consider [,j € Nand a = (j,7,...,7) with I(«) = L. It holds:

L, = % | for j =0,
' %(VVtJIa_,t — t-[a—[Z],t) for ] 2 1.
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Multiple Stochastic integral for « = (j,7,...,7)

Lemma

We have the following values of the multiple stochastic integrals for the special case
a=(j,j,...,J) € M:

Ione = 3Whe=0=5(0W)?~1). ™
Igqe = %(I(j),t%(ffj),t —t) - tI(j),t> = %(I(?)j),t - 3”(j),t>’ (8)
IGgape = %(Ié’),t — 6tI7;) , + 3t2)’ 9)
Yganame = é(I(Sj),t — 10135, + 15t21(j),t)7 (10)
oy = é(I(ﬁj),t — 15T , + 458713 — 158°), (11)
Gotaame = %(Ié),t — 2I5) , + 105873, , — 1056 5,). (12)
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Computational value of MSI

If W/ and W7* are two independent Brownian motions the MSI

t S1
I(jl,jz)toﬂf = / dWsjldWij’
to

to
can not be evaluated exactly.
Some proposed approximation could be found in literature

@ in [4], one use of the periodic concept of Brownian Bridge and the Fourier series
gives another approximation method.

@ direct evaluation of the variation given by:

. mol gty gt o omZl o : : :
I(j17j2)t0,t = Z /t \ dVVshC”/Vs]12 = Z(Wil - Wt]ol)(Wtjii1 B Wtjf) (13)
=0 /ti 0 i=0

@ other methods: for instance in Habilitation of Thomas Miiller Gronbach [3].

Therefore, a = (41,72, .., jn) € M for at least j; # jr components of « the MSI I,,, has
no exact analytical expansion, Thus approximation methods are needed.
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Ito Process, Stochastic differential equation

Let (W,)er be an m-dimensional Brownian motion defined on a (£2,.4)™
with right continuous augmented filtration F = (F;):cr. The process
(X}..., X%) is called 1té Process, iff it has the following form

. . t m t .
X=X + / ads  +3) / biddwi,| (SDE)
to j=1 to

Riemann—integral

Ito—integral

where for all i =1,...,d, and j = 1,...,m; the drift vector(a})icr and the
diffusion matrix (b;”);cr are F; adapted and satisfyft:g alds < oo and
S (b9)%ds < oo as.

@ The (SDE) refers to the stochastic differential equation in integral
form and in differential form is given by

dXt = Cl(t, Xf)dt + b(t, Xf)th
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Higher order 1t6 formula

Let us consider the functional f

(9fad 0*f

d-dimensional |t6- Process (Xt)ter

: [to, T] x RY — R with continuous partial

SO0 fort =1,...,d. Moreover, consider a

, then we have,

1 t

2-»_ to

4,j=1

FXN XD = fte, XL, .

+Z/t OF (s, X1,..., X%ax

tOf
LXE) + A 68(3 XL XHds

8 f

oxtxd

(5, X1 ..., XDd < X' X7 >,

where d < X7, X7 >,= 3" bk (s, X)Wk (s, X,)ds

k=1
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One dimensional 1t6 formula

The one dimensional case d = m = 1 of the It6-Formula is given as

2
6. X)) = F(to, Xe) +/{ (5.0 + 0L (s, X+ 2122 L s X)}as
of
+f bsg(s,Xs)dWs.

Proof idea: By using the Taylor expansion of order two: (all convergence in L?)
2m—1

f(t7 Xt) = f(tonto) + Z Af(tkvth)

2" —1 2" —1

_ of of 1S & 2
= f(thtO) + kZ:O EAtk—f— a Ath +§ kZ:O W(AX%)
%,_/
—d df gh 1 ‘ an 2
N s —>ft0 a$a s+f dWs _>ffo aLL‘QbSdS
2" -1 2¢ 1221 52 2" -1

0
+ Z EIn AtkAth + = Z 6t2 )2—|— Z Ry .

——

—0 —0 —0
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One dimensional 1t6 formula: Example

For f(t,z) = 32 with X, = W, and a, = 0,b, = 1. Applying Ito formula:
_of of of 1,0%f
df = Zdt+as dt+bta AW + Sbi 55t
_of of 0% f
= atdthr()(9 dW + — ()ant

2
= Wy gy 10T,

ot Oz 2 0x?
_of 1O%f
= 8xdW+ éwdt

1 1 1 1
Hence §dI/Vt2 = W dW, + §dt and 3 [dW?2 = [ W dW, + 5 [ dt Thus,

: 1
I = / WodW, = S(WE = 1)
0

We got the same result as by using the variational calculus.
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Exact Solution of SDE

Let a (drift) and b (diffusion) are two measurable vector functions defined as
follows: a : [to, T] x RT — R4, b : [to, T] x RY — R¥™_If the d—dim SDE
with a F}-measurable initial condition X;, = T (RV), independent from
o(W), satisfies:
© (Lipschitz condition) For t € [ty,T], =,y € R? and a constant K > 0:

la(t, z) —a(t,y)|| < Klle =yl and [|b(t, ) = b(t, y)|| < Klx -y
© (Linear Growth) For ¢ € [ty,T], * € R? and a constant D > 0:

la(t 2)[I* + [[(t, 2)|* < D1+ ||=]%).
then the SDE has a pathwise unique solution X; on [t0, 7| with

E( sup |Xs|2> < 00.

to<s<T'
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Simulation of Exact Solution of a SDE

Consider the linear SDE: X; = aX,ds + bX,;dW; with exact solution

1
X, = X, exp <(a — P+ bWt)

a=1.3, b=1.2, X=0.9, dt=10% a=12, b=13, X=1, dt=10*
0 [¢]
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Brownian motion derivatives: White and colored noises

Ito — Integral Gaussian (White Noise)
1 tit1
5((AWti)2 — At;) = WedW %Wt &t
ti
N /! &~ 7=N(0,1)
Wi
BM increment e N\, Gaussian (Random Variable)
tit1
AWti = Wti+1 - Wti Wsds - ZA“
ti )
e
AWy, ~ N(0,VAt;) Ty ~ 1/5/\/(0, 1)

The white noise as a stationary process has the following properties:

BE(Eny) =0, Var(€ay) = Ait; C’ov({At(t),fAs(s)) —0; ift#s

where da¢(t) ) is an approximation of the following §—function: This noise is called white
whenever one talks about uncorrelated (or independent) noise at each pixel. White noise
is the noise signal whose power spectrum is flat (the Fourier transform of its covariance).
Otherwise the noise is called Colored Noise.
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Time series of White and colored Noises

VWiite Noise tinme Series
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Random and Stochastic ODEs, 'again’

Consider the RODE

W ala) + bl (14)

@ The noise in physical systems usual has a wide band spectrum, i.e. a A-correlated
stationary Gaussian process CtA

@ white noise limit as A — 0.
@ The RODE (14) leads to the so called Stratonovich® SDE

| dX, = a(X,) + b(X;) 0 dW; | (15)

@ The Stratonovich SDE with a Wiener process can be rewritten as stochastic
differential system of equations

Example
dr . Xt [ —Xi+sin(Yy) 0
E_—x—i-Sln(Vvt)@d(Yt )—( 0 dt + 1 AWy

YWong & Zakai (1965), Godin & Molchanov (2007)
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Equivalence SDEs vs RODEs

In general a stochastic differential equations SODEs can be rewritten as RODEs

dz
where O, is the stochastic stationary Ornstein-Uhlenbeck process satisfying the linear SDE

dOt = —Otdt + th and Z(t) = Xt — Ot

The continuity and the fundamental theorem of calculus implies the pathwise
differentiability? of

At) = X;— O

Xo —00+/0t (f(XS) +Os)ds

z(0) + /Ot (f(z(s) +0O;) + Os)ds

So, We can use deterministic calculus pathwise for RODEs?

2Doss, Sussmann (1970s), Imkeller, Lederer, Schmalfuss (2000s)
3 Peter Kloeden and Arnuf Jenzen.
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