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IsLAMIc DESIGN

Islamic Design in the Web. (search words: islamic design) Related words: Islamic
complex geometry, - geometric pattern, - Design House, - Arts ...
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Zellige is mosaic tilework made from individually chiseled geometric tiles set into a
plaster base. This form of Islamic art is one of the main characteristics of Moroccan
architecture. It consists of geometrically patterned mosaics, used to ornament walls,
ceilings, fountains, floors, pools and tables.

(source: https://en.wikipedia.org/wiki/Zellige)
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CONTENTS

We mainly discuss the following items:
@ Periodic sequences on one-dim manifoldS!, Definitions and Properties
@ Construction of Symmetrical Islamic Design

@ Numerical Simulation of Islamic Design
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PERIODIC SEQUENCES ON THE UNIT CIRCLE

For X,(0) = a, consider the real iterative sequence X, : N — S' mod. 27 by:

Xa(0) = @
Xa(n) := {

Xa(n—1) + ar if n odd,
Xa(n—=1)—- (1 —a)r if n even.

Example of the up-down behavior of the sequence X,(n) ( mod 2r) will be observed
as moves of emerging numbers on S':

a | Xa(0) | Xa(1) | Xa(2) | Xa(3) | Xa(4) | Xa(5) | Xa(6) | Xa(7) | Xa(8) | Xa(9)
0 0 0 - - 2n | 27 | 3n | 3n | “4n | —4n
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Observe the first n # 0, such that x,(n) = a.
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REMARKS AND PROPERTIES OF THE SEQUENCE X3

According to the example, we remarked:

@ The sequence X,(n) is periodic for special values of the parameter a only.

@ For a = 0.00, we needed one rotation in the counterclockwise direction and four
iteration to reach the first-come-back Xy(4) =0 forn=4and k = —1

@ For a = 0.25, we needed one rotation in the counterclockwise direction and eight
iteration to reach the first-come-back Xj,5(8) = 0forn=8and k = -1

@ For a = 0.50, we consider this case as a critical one. There is a come-back to the
origin X 5(0) = 0 without rotating a complete round. It’s in fact an oscillatory
behavior.

@ For a = 0.95 we needed one rotation in the counterclockwise direction and four
iteration to reach the first-come-back X.95(40) = 0 forn =40 and k = 9

We are interested to characterize the minimal number of rotation k € Z and the
minimal n till the first-come-back X,(n) = x,(0).
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GEOMETRICAL ILLUSTRATION OF Xg

we are looking for relationship between a and the minimal index such that x,(n) = a.

(p)a=0.75 k=1, n=8 (F)a=07; k=1;n=10
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CONVERGENCE THEOREM AND PROPERTIES

THEOREM

For any rational number a € [0, 1] N Q and any initial value X,(0), there exist N such
that X,(n) = X,(0) mod 27 and ifa ¢ [0, 1] N Q, we have X,(n) # X,(0) for all n € N.

@ For the proof. We characterise a as a function of the number of loops Kk and the
first-come back ny.

@ Moreover, we distinguish between the odd and the even come-back events:

DEFINITION
According to theorem 1., we define the come-back mappings mapping (for
construction of the parameter a)
1 (4k
ek,n):Zx2N — [0, 1]; e(k,n):zz F+1 . (1)
and
1 {4k -1
okn :Zx2N+1) — [0,1]; ok, n) := 3 - +1]. )

Mostafa ZAHRI MATH-DAY, MARCH 16, 2019, AUS, SHARJAH UAE 7/25



PERIODICITY OF Xg

LEMMA
Let kK € Z and n be an even natural number, then the following identities holds

Q e-kn) +ekn =1.
1

Q o-kn)+okn =1- 3

@ The first-come-back nis even, making one K loops in the positive direction or in
the negative one have the same behavior. Which is not the case if n is odd

@ But we could admit the result in the even case for large n only.

LEMMA
Let us consider K € Z and n in N, then the following identities holds

@ ek, n) = e(pk, pn)for allpeZ.
@ o(k.n) = of pk - p , pn) for all odd p € N such that (p— 1)/4 € N.
The range of X,(x,n) and Xe(p, pn) are identical for all p € N. But X,k ) and Xo(pk, pn)

are identical only for odd numbers p € N such that (p— 1)/4 € N.
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CHARACTERIZING THE FIRST-COME-BACK

Backward given a finding the firs-come back n¢. First recall:

DEFINITION
We define the following indices:
(1) The first-come-bach index Ny is defined as Ny = min{n|X,(N) = X,(0)}.

(n) If Range(X,) := {X4(0), ..., X,(m)}, then denote by n, = mthe maximal index in

the range of X,.

(m) The cardinal of the range Range(X,) of the sequence X, is defined by
N. := # Range (X, ). (i.e number of distinct elements generated by the sequence).

We have the following theorem:

THEOREM
If je = min{j| jRa-1)/2 € N} and j, = min {j| (jRa-1)+a)/2 € N}, then the
first come back Ny of X, is given by

Ny = min {2j,, 2j, + 1}. 3)
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ExAMPLES: FOR a = 4/5, THE 15 FIRST ELEMENTS

n | X (n) Remarks

010 Initial Element in the range : 1

1 %n New Element : 2

2 %zr New Element : 3

3 %zr New Element : 4

4 gn New Element : 5

5 | 2 =2n =0 | First-come-back and Existent Element ny = 5
6 %n New Element : 6

7 %n Existent Element X,(7) = X,(2)

8 %zr New Element : 7

9 gzr Existent ElementX,(9) = X,(4)

10 |« New Element : 8

11 %n Existent Element X,(11) = X,(6)

12 %n New Element : 9

13 %zr Existent Element X,(13) = X,(8)

14 %n New Element : n. = 10 but n, = 14
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ExAMPLES: FOR DIFFERENT A

Similarly, we compute the same indices fora =3/4,a=2/3 and fora=5/7:

AL SEREIRIE
Ng 4130 |8|8]10(5 (8|97
Ne 21212 8810|108 (6|14
n 41212 |8[8[10|14(8]9 120
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BUILDING OF CELLS

@ According to the trajectory (inlR?) of the sequence Xy,
@ From closed graphs to colored cells:

oo

(@) k=1;n=8 Hk=1;n=8
Mk=1;n=10 (Wk=1;,n=10
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CONSTRUCTION OF THE IsLAMIc DESIGN: THE CELL

Islamic design employs polygons with vertices on a circle. These polygons represents
connected graph G(a, @), where the vertices V(& @) and edges E(a, @), where a
represents the initial value of the sequence X. For a given parameter a and an initial
value a, the vertices set is defined as spatial points in R? by:

V(@ a) = {0 P, P}, @

where the planar points pZ(t) = p(x2,t) = (cos(xZ(t)), sin(x2(t))) € R? for
t=0,1,...,n,.
The set of edges E(a, ) of the closed graph G(a, @) is

E(a o) := { (PO PE(D), (B S, (R, = D). (5)

where the natural number n, as defined above, a € [0, 1] N Q.

DEFINITION (SINGLE CELL)

A cell C(q,r, & «) defining design is a graph G(a, @) with colored subareas generated
by a sequence X,a on a circle with radius r > 0 and a center q = (Qy, Q) € R>. We
denote by D(IR?), the set of all possible Islamic designs in R?.
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PLANAR TRANSFORMATIONS

For a given v, h € R\ {0}, we define:
The vertical translation mapping f, as

f, : D(R’) — D(R) (6)
f0.)(C((Ax, Oy) T, & @) = C((Qr, Gy + V). T, 8, @).

The horizontal translation mapping T, is defined by

f, : D(R’) — D(R) (7
fr0)(C((Ax, Oy). T, & @)) = C((Qx + h,qy), 1,8 a).

The diagonal translation mapping f, ) is defined by

fon @ D(R) — D(R?) (8)
fo.n(C(Qw, gy, T, 8, @) = C((Qx + h, gy +v).1, 8 a),

where h#0and v # 0.
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MATHEMATICAL DEFINITION OF IsLAMIC DESIGN

The Design (space filling) mapping Fy, m,) is defined by

Fony @ D(R) — D(RY) 9)
Fompm(CGT,3.@) = > " f0 k0,1 (C((Ge, Gy, T, & ),
h=1 v=1

where K,,, Kj, are positive constants.
The radial translation mapping f, is defined by

f, : D(R) — D(R) (10
fs(C(g.r.a @) = C(q sr.a,a).
We suggest the following mathematical definition of islamic designs:

DEFINITION (ISLAMIC DESIGN)

An Islamic Design D(m,,, my,, C(q, 1, & «)) with m, x m, € N? elements is a
symmetrical repeated placement of cells of the form C(q,r, & ).
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NUMERICAL SIMULATION OF IsLAMIC DESIGN

We restrict ourself for constructing four symmetrical Islamic Designs:

@ Modeling of Islamic design using single cells.
@ Modeling of Islamic design using composite cells.
© Modeling of Islamic design using circular cells.

© Modeling of Islamic design using overlapped cells.

Just a remark: We can construct more type of Islamic Design by introducing more
planar transformations. (Future works).
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MODELING OF ISLAMIC DESIGN USING SINGLE CELLS

mp  n,,

D(M,.m,.C(Gr.aa) = ) > fruxnC@r.aa).

h=1 v=1

k=1,n=8 k=1,n=8

k=1, n=12
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MODELING OF ISLAMIC DESIGN USING COMPOSITE CELLS

mp My

D(m,, my, D(L, L,C(AR, 1,8 (a2)) = ) ) fucvkmD(L 1L, C(A 1, (a2))

h=1 v=1
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MODELING OF ISLAMIC DESIGN USING CIRCULAR CELLS

mp my,
D(M,, My, C(GF, 1,8, (a2))) = D >~ fixwkmD(1, 1,C(GF, (12), 8 ()
h=1 v=1
kO:S, k1:3’ nO:44, n1:34 k0:5, k1:3' nO:44, n =34
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MODELING OF ISLAMIC DESIGN USING OVERLAPPED CELLS

5; nO:34, n1:78

C(qz’ SrZ’ a-Z’ az))’ (l 1)

k0215, kl

my

DMy, My, O (). (@) (@) = D > DL 1,

15, k1= =34, nl=78

k0:

h=1v=1

20/ 25
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MODELING OF ISLAMIC DESIGN USING OVERLAPPED CELLS

(ko,kl,kz,k3):(l,l,1,1); (no,nl,nz,ns):(20,20,20,20) (ko,kl,kz,k3):(5,5,5,5); (no,nl,nz,ns):(42,46,74,46)
v

(S&)
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MODELING OF ISLAMIC DESIGN USING OVERLAPPED CELLS

(koK K,k )=(3,1.4,3); (n,,,,n,.n,)=(42,32,42,64) (koK Kok )=(5,1,3,4); (N, .n,.n.)=(66,44,46,64)

012" 0’1" 2’3
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MODELING OF ISLAMIC DESIGN USING OVERLAPPED CELLS

(kook

K, K)=(5,825); (n,n,.n,.n.)=(56,96,36,66)
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MODELING OF ISLAMIC DESIGN USING OVERLAPPED CELLS

(k;k

1,I<2,k3):(3,2,2,3); (nO,nl,nz,n3):(40,20,22,44) (ki,k

KoK )=(L14,1); (NN N N )=(14,28,52,28)
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