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Part Il
Numerical Schemes for SDEs
@ [t6 Taylor-Expansion
@ [té6 Taylor Family Schemes (Strong and Weak convergence)

@ Analysis of It6 Taylor Schemes
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Langevin Equation

Differential equations with noise Langevin used 'noisy’ differential equations
to model the particle dynamics of Brownian motion in the early 1900s:

dx

E = Cl(t, .fll') + b(t, 1’)77ta noise : ur (1)

Gaussian white noise: many mathematical problems finally resolved by It6 in
the 1940s with the introduction of stochastic calculus
= stochastic differential equations (SDEs)

dx

== a(t, ) + b(t, z)dW;, Wiener process : W, (2)

more regular noise = random ordinary differential equations (RODEs)
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Brownian motion derivatives: White and colored noises

Ito — Integral Gaussian (White Noise)
1 tin d
5 (AW:)? = At) = W TgWi=m
; .
N e e~ EN(Ov 1)
Wi
BM increment e N\, Gaussian (Random Variable)
tit1
AWti = Wti+1 - Wti Weds = ZA”
ti )
e
AWy, ~ N(0,VAt;) Ty ~ 5/\/(0, 1)

The white noise as a stationary process has the following properties:

BE(Eny) =0, Var(€ay) = Ait; C’ov({At(t),fAs(s)) —0; ift#s

where da¢(t) ) is an approximation of the following §—function: This noise is called white
whenever one talks about uncorrelated (or independent) noise at each pixel. White noise
is the noise signal whose power spectrum is flat (the Fourier transform of its covariance).
Otherwise the noise is called Colored Noise.

Mostafa Zahri Agadir, 19-21 October 2015 4 /48



One-dim 1to6 coefficient functions

For Y; = f(t, X;) consider the one dimensional SDE
dY; = a(t, Xt)dt + b(t, Xt)th

The one dimensional 1t6 Formula is given by

in = Lof(t7 Xt)dt + Llf(t7 Xt)dv‘/h

Where the differential operators L? and L' are given as follows:

0 0 1., 0? 0
0 _ = _ 22 1 _p =
L t+ax+ 2b 2 and L bx.

due to E(AW)=At
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Multi-dim 1t6 coefficient functions
Given the It6 Formula for Y; = f(¢, X;):

d af 1 d m a2f
— k %,J kj
dY; { +§ -+ 21;1 1]§1b ook dt
m d af

T N
1i=1 a ’
Jj=
= Lf 4 S Epaw,
j=1

where for i =1,...,d and j = 1,...,m the Ito coefficient functions are
given by

0 1 d m ki 82

L’ = b
+ Z R 8xk 3 2 kzzljzl Oridzk’

Jo— %]
U o= ;b axi'
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One dimensional 1t6 Taylor Expansion

Consider the one dimensional [t6-Process X, which satisfy the Ito-Integral
equation:

X, =X+ [ alX)ds+ [ )W (4)

where a and b reel valued smooth functions, satlsfying time-growth condition
and f € C*(R,R). By applying the 1td Formula for f(X,), it follows:

t

f(Xs) = f(Xy)+ 5 (a(XS) 9 1 o2

%f(Xs) + 5&#()@)@ (X5)> ds
+ (U)X a,

= )+ [ s+ [ D),
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One dimensional I1t6 Taylor Expansion: Example

If f(x) =2 € R then L°f = a and L'f = b the |t6-Taylor Expansion is
given in integral form as

X, = X, + / ( a(Xy) + LO( X.)dz= + SLla(XZ)dWZ> ds

to

+ / (b (X) / LO (X.)dz + sle(Xz)dWZ)> aw,
to

to

t
Xy + a(Xy,) \ ds + b(Xy,) ; dWs + &

Remainder
where the remainder term is given by:
t
R = / Oa(X, dzds+/ La(X.)dW.ds
+ [ [ LX) dzd W, + / / ) dW.dW,.
to Jto

E: Ep(znd next
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By applying the Itd-Formula to the function L'b, we get
t t
X, = X, +a(Xy) / ds + b(X,,) / aw,

FL'(X,,) / AW.AW. + Ry

to Jto
Remamder

where the remainder term is given by:
t
Ry — / 0a(X,)dzds + / La(X,)dW.ds
[ [ Lo(X.)dzdw, + / / " LOL'(X, ) dudW.dW,
0 to Jto

t to
+// LY L LUb(X,) dW,dW.dW..
to Jto Jto

Erpand next

Don't forget dtdt = dtdW, = dW,dt = 0 and dW,dW, = dt.
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Multi-Index: Hierarchical and Remainder Index-Sets

A set A of Multi-Index is called Hierarchical Index-Set, if the following
condition are satisfied

o A+ o,

@l =sup I(a)< oo,
acA

@ —ac A VaeAA\{v}.

For any hierarchical set A, we define the corresponding Remainder
Index-Set as:

B(A) ={ae M\{A} : —a € A}.
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General Form of the 1t6-Taylor-Expansion

Theorem
Let p and T are two Stop-times such that ty < p(w) < 7(w) < T'. If the
function f : [ty, T] x RY — R and all its differential are smooth and if the

partial differential of a and b exist, then for any set A € M follow the
stochastic Taylor-Expansion

fr,Xo) = ) Llfalp, X1+ > Llfa(, Xl (5)

acAy aeB(Ay)

V.

Where the 1t6 coefficient functions are defined by

;= f if ((a)=0;
L f, if () > 0.

for a = (j1,...,5/) € M and f € Cl@)H@+n(@)(R+ x RY R).
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Convergence Theorem: Source of the convergence order

Forl € N and o = (j1,...,Ji) it exists a positive constant K independent
from A such that

(B(12,)* < KA™5 (6)

Moreover, for X a d-dim stoch. process sol. of SDE, a multi-Index a € M
and f: [to, T] x RY — R satisfying If | f.(t, 2)|*> < K (1 + |x|?), the we have

E j[a [fa(t, Xt)]o,AF <K (14 B|X,?) Alerin@ (7)

Remark that the real nuber M = = could be used as a convergence
order of the It6-Taylor approximation of SDE solutions.

So, we have to characterize the sets A, and B,(A,).
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Convergence Theorem, cont.

Theorem

Consider the strong It6-Taylor approximation Y2 = {YtA, t €]to, T[} with
convergence order v = 0.5,1,1.5,.... If

o B(|X,,?) <00 and (E(|X,, — Y21))? < K1
° |fa(t,$) _fa(tuy)l < K2|‘T—y|

Va € A, t € [ty, T) and z,y € R,
o f,eC" and f,€H,

Va e A,UB,,

0 |falt, )| < K3(1+ |x|) Va € A, UB,,t € [ty,T] and z € R%.

then it holds
E (| Xr - Y£]) < Ko,

where K;,1 = 1,2,3,4. are real pairwise independent positive constants .

(8)

For the proof we refer to [2] p. 361ff)
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On the Convergence Theorem Assumptions
The convergence theorem assumes that

@ the coefficient functions f, in the Taylor scheme are uniformly bounded
on R% i.e., the partial derivatives of appropriately high order of the SDE
coefficient functions a,b',...,b™ are uniformly bounded on R<.

@ However, this assumption is not satisfied in many important

applications:

©Q Cox-Ingersoll-Ross models in finance with V; € [0, 1]
dV; = a(B — V;)dt + /i\/;tth
© Duffing-van der Pol oscillator with multiplicative noise:
dX; = X7dt
dx? = ( CXN 4 BX2 (X)) - (Xlt)2X2t> dt + o X2dW,

Proofs in the literature (e.g. in the monographs) see [2, 4]
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Construction of Multi-Index Sets in the
I1to- Taylor-Expansion

For v =0.5,1,1.5,2,... the set of Multi-indices A, is called Hierarchical
Index-Set if

A, ={aeM: la)+n(a) <2y orl(a) =n(a) :”y+%}.

@ Remark that the three assumption of a Hierarchical set are satisfied.

@ The construction of the corresponding remainder set is given by
B(A,) ={ae M\A,: —a € A}

o (Later) v will refer the convergence order the It6-Taylor family schemes.
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Strong and Weak convergence

In the EM scheme, the numerical solution to the SDE, Y; converges to the
exact solution X;. We have to distinct between the following types of
convergence :

o (Path Approximation). We said that the convergence is strong of

order ~ if
lim Es(y):= lim E(]Yy, — Xi|) =0.

NT—>OO T—}OO
o (Distributional Approximation). We said that the convergence is
weak of order ~ if

lim FEw(y):= lim 'Eg Y7 ) —Eg(Xt) =0.

Np—00 Np—o0

Where Nr refers the number of the time steps used for the approximation, g
any polynomial function.
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Examples of Hierarchical and Remainder Index-Sets

For FF = {0,1}, we have
@ If ¢, =0 (i.e vy =0) then Ay = {v} and B(Ap) = {(0), (1)}.
@ If ¢, =1 (i.e vy =0.5) then Ay 5 = {v,(0),(1)} and

B(Ao.s) = {(0,0),(1,0),(0,1), (1, 1)}.
@ If £,, =2 (i.e v = 1) then A; = {v,(0),(1),(1,1)} and
B(A;) = {(0,0),(1,0),(0,1), (0,1,1), (1,1,1)}.
@ If ¢, =3 (i.e vy = 1.5) then A, 5 = {v,(0),(1),(1,1),(0,0),(1,0),(0,1),(1,1,1)}

and B(A;5) =
{(0,0,0), (1,0,0), (1,1,0), (0, 1,0), (1,0,1), (0,0, 1), (0,1, 1), (0,1,1, 1), (1,1,1, 1)}
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Hierarchical Index-Sets, cont.

Ao.o = {v}
v = 0.5 Euler-Maruyama
Aws = {v,(0),(1)}
v =1. Milstein/ Taylor
Ao = {1,(0),(1), (1, D}
v=1.5 Taylor
A = {0,(0),(1),(1,1),(0,0), (1,0), (0, 1), (1,1, 1)}
v=2 Taylor
Aso = {0 (0).(). (LD, 0.0),(1,0),(0,1),(1,1,1),

(1,1,0),(0,1,1),(1,0,1), (0,1, 1), (1, 1,1, 1)}
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Ito-Taylor Family Schemes: Strong Convergence

The strong 1t6-Taylor scheme of order v = 0.5, 1, 1.5, 2,... is given by

Yn+1 = Yn + Z IO! [fa(tn) Yn)]tnvtn-‘rl (9)
ac A \{v}

forn=0,1,2,..., and the initial value Y = &,.
M= {v}U{a = (1,2, -, )i i € F; L€ {1,2,.. }}.
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Example of I1t6-Taylor scheme order 1.5

Consider the autonomous case d.X; = a(X;)dt + b(X;)dW,.
An example of 1t6-Taylor scheme for a d dimensional [t6-Process X; and an
index set M = {1,...,m} (i.e m dimensional BM) is given by:

Yn+1 — Yn + I’U [a(Yn)]tn,tn+1 + Z I(]) [bj(Yn)]tn,thrl (10)
j=1

+ > LG LV (V) b (11)
J1,92=1

+> 160 [Vt + 2 Lo LY (Yol s (12)
j=1 j=1

+ Z I(O,O) [a’(Yn)]tnvtn-‘-l + Z I(jajlva) [Lj LJl bj2 (Yn)]tnytn+(113)
Jj=1 Jd1,j2=1

Euler Maruyama (10), Milstein (10)-(11) and Taylor of order 1.5 is represented by
(10)-(13).
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The one-dimensional It6-Taylor v = 1.5, (d=m = 1)

I'U [a(Xn)]tn 7tn+1

I(l) [bl (Xn)]tmtn+1

Iay (L' (t,, Xo)tn tnsn

I,y [L'a(Xn)]e b0

0_ 0
Recall LY = 5+ aam

Mostafa Zahri

8.7:2 ’

a(X,)Aty,

tnt1
b (X)) / dw}
tn
b(X,)AW;,

1 tn41
8b / / AW tdw}
tn TL

b()@»%(m5 ((AW;,)? - At,)

da tnt1 pt

1 oa 1

(X0 5 (Xa) /t [ awar

(X)) 22 (x,)A7 AZ ~N (0, XAty
817 tn tn ) 3 n
L' =bvZ.
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The 1-dim case It6-Taylor v = 1.5, (d = m = 1) cont.

1 tn+1 t
I(Ovl)[LObl(Xn)]tn,tn+1 = (a_ 5 ) ; deWt
1
= (a_ 5 ) At AWt _AZtn)
tn+1
1(070)[L0a(Xn)]tn,tn+1 = / / dsdt
- ( 305 2)
tnt1
I [ L (X))l b = Llle/ / AW, dW,dW;
tn tn Jitn

_ (b(%) +b2gz’;>(Xn) (%_%
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Strong Euler-Maruyama Scheme (1955), v = 0.5

Consider the Geometric Brownian Motion, which satisfies the SDE

Xo=¢
dXt = )\Xtdt + /.LXtth

where ) is called the percentage drift and 1 is called the percentage
volatility. The exact solution is

2

X; = Xopexp (()\ — %)t - ,th>

Numerical solution: for Ay5 = {v,(0), (1)} (i.e ¢, = 1), we define the
Euler-Maruyama scheme

Xo=Yy=¢

Where Y,, in the numerical approximation of the exact solution X, .
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Numerical Simulation of GBM by using EM.

EM for dt=50/1000 EM for dt=10/1000

—— Exact Sol
* EM Approx.

Exact Sol.
71l e EM Approx,

o 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1
t t

EM dt=1/1000

35
34

35[33

30(32

o 0.2 0.4 0.6 0.8 1
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Numerical Simulation of GBM by using EM.

EM for dt=50/1000

xact Sol.
EM Approx.

0.2 0.4 0.6
t

EM dt=1/1000

0.8

\

4
A I
'

092 093 0.94 095 0.96 0.97

0.2 0.4 0.6

0.8

EM for dt=10/1000

Exact Sol.
71l e EM Approx,

o 0.2 0.4 0.6 0.8
t

Milstein CCOy=0.5013

Slope of the
Regression
line 0.5130 e
Nl e
,——’.___—
e--"7
Time Step

Where dt = 1072 is used to simulate exact solution.
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General form of EM scheme
Consider the SDE

Xo=¢
dXt == G,(t, Xt)dt + b(t, Xt)th

Numerical solution: for Ays = {v, (0), (1)} (i.e {; = 1), we define the
Euler-Maruyama scheme

Xo=Yo=¢
Yn—‘rl = Yn + a(tn, Yn)Atn + b(tn, Yn)Ath

Where Y,, in the numerical approximation of the exact solution X; and

tn41
At, :/ dt
tn

tn41
AW, = / dw,.
tn
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Stochastic Milstein Scheme (1974), v =1

For A; = {v,(0),(1),(1,1)} (i.e ¢, = 2), we define the Milstein scheme

Xo=Yy=¢
Y1 =Y, +a(ty, Yo)At, + b(t,, Yn) AW,
1 b )
+ éb(tm Yn)%(tm Yn))((Ath) - Atn)

(14)

Where Y,, in the numerical approximation of the exact solution X;, and the

additional (to E.M) is

tht1 [t
Janlay = le(tnayn)/t dWrdw}.

tn

The Milstein method is a first order 1t6-Taylor method. It is derived from a truncation of

the stochastic It6-Taylor expansion of the solution.
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Numerical Simulation of GBM by using Milstein.

Milstein for dt=50/1000 Milstein for dt=10/1000

Exact Sol.
* Milstein Approx

Exact Sol.

2.2

*  Milstein Approx

o 0.2 0.4 0.6 0.8 1 ol 0.2 0.4 0.6 0.8
t t

Milstein for dt=1/1000

0.540.56 0.58 0.6 0.62 0.64

o 0.2 0.4 0.6 0.8 1
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Numerical Simulation of GBM by using Milstein.

Milstein for dt=50/1000 Milstein for dt=10/1000
N Exact Sol. | 2ol Exact Sol.
* Milstein Approx i *  Milstein Approx
8 2F
6
X 5
3
2
DO 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1
t t
Milstein for dt=1/1000 Milstein CCOy=0.9614
29
e Slope of the
s 26 Regression
° 0.540.56 0.58 0.6 0.62 0.64 |ine 0.9614
28 S _.-®
= 107 -
2 L e .
15 e -
1 o-"~ .
05 107 .
o 0.2 0.4 0.6 0.8 1 10 . 10
t Time Step

Where dt = 1072 is used to simulate exact solution.
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Stochastic Taylor Scheme with order v = 1.5

For A1~5 = {U, (0)7 (1)7 (17 1)7 (07 0)7 (17 0)7 (07 1)7 (17 17 1)} (Ie gl = 3)' we
define the 1t6-Taylor scheme with order v = 1.5:

Xo=Yy=¢

Yoot <oty DA ngb((Ath ~ At,)
1 ,0%a da
o 23%
@ ALAW, — AZ
* (aax * zb a:&)( AW, t")

() w2 sy o

Where Y,, in the numerical approximation of the exact solution X; and
AZ,, is a normal distributed random variable AZ;, ~ N (0, 3(At,)?)
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Numerical Simulation of GBM by using Taylor.

Taylor for dt=50/1000 Taylor for dt=10/1000
18 s
Exact Sol. — Exact Sol.

**r < Taylor Approx 7 7t + Taylor Approx
ol
sl

X
ol
sl
Al
o 0.2 0.4 0.6 0.8 1 10 0.2 0.4 0.6 0.8

t t

Taylor for dt=1/1000

2a 1.95
19
22 1.85
18 A

2 17501 J
0.26 0.28 0.3 0.32 0.34 0.36 0.38
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Numerical Simulation of GBM by using Taylor.

26

2.4

22

Taylor for dt=50/1000

Exact Sol.

- Taylor Approx

0.2 0.4 0.6 0.8 1

t

Taylor for dt=1/1000

AN/WW

1.75LL 4
0.26 0.28 0.3 0.32 0.34 0.36 0.38

Error

Taylor for dt=10/1000

— Exact Sol.
7t| = Taylor Approx|
ok
sk
X
ab
sk
A
10 0.2 0.4 0.6 0.8
t
Taylor CCOy=1.4622
107
- o -
107 7 -
- °”
¢~ .
107 ~
10 . 10
Time Step

Where dt = 1072 is used to simulate exact solution.
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Computational Convergence Orders

CCO for EM, Milstein and Taylor

10t Eul er y=0.513 -::::==““ k|
. —- e "~ -

o - - B - ]

- M1l stein y=0.9614

5 ®- -
= 107t E
L e
,”.‘””
07 ’,,—0"”Tayl or y=1.4622 1
o
10
107° A 107
Time Step

Increasing the number of discretization time-points and the number of simulations leads
to the best estimation of computational convergence orders. In our cases, we have used a
time step dt = 1073 and M = 1000 simulation for each numerical simulation.
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Strong first order Runge-Kutta method

In the Milstein scheme, the replacement of the first derivative of the
diffusion b, by

9 b(Xi, +b(X:,)VAL,) —b(X,,)
6_(th) ~
v b(X,, ) VAL,

leads to Strong Order 1.0 Runge-Kutta Method

Xo=Yy=¢
Y1 =Y, +a(Yn)At, + b(Y,)AW,, (16)

- % (b(Yn +b(Y,)\/AtL,) — b(Yn>) (AW, )Zt—n At,)
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Weak approximation of SDE

For 3=1,2,... the set of Multi-indices A} is called Hierarchical Index-Set
for the weak approximation if

5 ={aeM: ((a) < B}

The weak approximation of the solution of a SDE is given by

Xo=Yy=¢
Yn: Z Ia[fa(tm}/tn)] (17)
aEAg

Convergence with weak order 3 requires the regularity of the drift vector-function a and
the regularity of the entries of the diffusion matrix b. This is necessary to ensure that f,
are Lipschitz and have bounded linear growth.
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Weak Taylor Schemes, =1 and § =2

For A1 = {v,(0), (1)} (i.e £1 = 1) (the same as by the strong scheme), we define the

Weak Euler-Maruyama scheme with order § =1
Xo=Yy=¢
Yot1 =Y, +a(Y,)At, + b(Y,) AW, (18)

Where Y,, in the numerical approximation of the exact solution X, .

For Ay = {v, (0), (1), (0,0), (0,1),(1,0), (1,1

with order g = 2

)} (i.e {1 = 2), we define the Weak Taylor

Xo=Yo=¢

Yn+1
Oa

9%a
_2
ox 2b5‘2

52
el 2
oz +2b32)

o
2@

+(o

1 9b
+ 3%

)(At) +b

((AW;,)?
Oa

Bz
(AtnAth . AZtn)

~Aty)

AZ,
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CCO for WEM and WT

10
10° _-®
S Weak Taylor .-~
0 R=1.9937 . ®
107 - -
@ - -¥
Y 2 Weak Euler
*,z:‘ - B=0.9996
107 .
10 10
time-step
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Numerical Sol. of two-dim. Systems of SDE

Given the two dimensional system of SDE

2
dXf = Pt X)dt+> oI X)dwi,  xE=¢F (20)
j=1

For F ={0,1,2} and A; = {v, (0),(1),(2),(1,1),(1,2),(2,2),(2,1)}, we define the two
dimensional Milstein scheme as

Vi, = Ynl—i—alAt +b171AWt{1+b172AW5L

e
Y2, = Y2+aAt, + 0 AWE + bQ’QAW{i

8b 1 a b2 5‘b’ ab22
1,2 2,2 2 2,2
+<b 2ar TV o )I<21)+<b 2ar TP 32>I<22>
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Computation of double Ité Integrals [;, ;) A¢,
For the numerical computation of I;, j,) A+, we have to distinct:

Case 1. (j1 = jo = J)

1 1 ,
linan = 5Ua—At) = ((AWL? - an). @)

Case 2. (j1 # Jjo)

1
ARy + Aly/py(Rs Ry — RuRy) (22)

P
I(jl J2),Atn

Atn Z (Rs(V2Ry + Rg) — Re(V2R: + Ry)),

where R; for i =1,...,8 (i.i.d) are standard normal distributed random
variables and pairwise independent. The coefficient p, could be

approximated by

T p+1

Mostafa Zahri Agadir, 19-21 October 2015 36 / 48



Milstein for Systems of SDE, Simplified Notation

In order to be able to define the Milstein for a system of differential equation with n
equation, we use the following notation

- 0 0
1 1,19 421 0 .
L= (b Ot b 8x2> ’

Fa 120 109 0
L= (b 8x1’b 0x2 )’
for 4,7=1,2
o= (VL2 b = (08,67 b = (b5, b)
AW, = (AWE, AW

Thus the two dimensional Milstein scheme is
Vi, = Y,+ad'At, +b0 AW,
HLW Y Iy 1) + L0 I )
+L20" Io 1) + L2021 5 9.
Y2, = Y2+d’At, + 07 AW,
T T A
FI2BP g ) + L2622 5 .

Mostafa Zahri Agadir, 19-21 October 2015 37 /48



Milstein for Systems of SDE, cont.

the three dimensional Milstein scheme as

Vi, = Y!+dAt, +0 AW,
FLYOM T gy + LYY o) + L0V 5
+l~/251’1I(271) + I~/2I~)1’2I(272) + I~/251’3I(2,3)
+L3M 5 1y + L3021 3 9) + L3033 5
V2, = Y2+d’At, + 02 AW,
+LOP T 1y + LU0 T o) + L6305
+L20% (g 1) + L26*2(9.0) + L2031 (5 3)
+L30P (5 1y + L30%2 113 9) + LP6*%1 3 3
V2, = Y2+dPAt, + 0 AW,
+LP T 1y + L0210 o) + L6530 5
+L20% (g 1) + L26%2(9.0) + L26%3 1 (5 3)
FL33 30y + L36% 2 (3.9) + L3>3 3 ).
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The deterministic Lorenz system

Lorenz simplified some of the Navier-Stokes equations in the area of fluid dynamics, and
obtained the following non-linear three dimensional ordinary differential system:

dx = pyt) —z(1)), (23)
Ory rz(t) — y(t) — z(t)z(1),
Oz x(t)y(t) — cz(t),

where

@ the parameter p is the Prandtl number in a dimensionless parameter of a convecting
system that characterizes the regime of convection

@ 7 = & is the quotient of the Rayleigh number and critical Rayleigh number

@ b is a geometric factor

8

@ Lorenz used the values p = 10,7 = 28,c = 3.
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The Stochastic Lorenz system

The stochastic differential lorenz system (SDE) given as:
dXt = a(t, Xt)dt + b(t, Xt)th XO = g, (24)

where
@ a:[tg, T] x RY — R? represents the drift vector,
® b:[tg,T] x RY — R™4 the diffusion matrix
@ (X{)tefto,r) is @ d—dim reel valued stochastic process solution of SDE (?7?).

® (Wi)icit,,1) is a three dimensional Brownian motion.
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A stochastic Lorenz system
We numerically examine the performance of the Milstein scheme for solving
the stochastic Lorenz system. Where

@ The drift is the usual deterministic part of the Lorenz system of the
differential system of equations (
refsdels).

@ The diffusion matrix is given as:

b:T x R® — R¥3 (25)
111
blt,x(t),y(t), z(t) ) = Alz(t) +y(t) + z(t 1 11
(10030, 0) =2(aO + w0 +20) | 11 1

Where A\ << 1 is a stabilization factor.

Mostafa Zahri Agadir, 19-21 October 2015 41 / 48



Milstein Scheme for the stochastic Lorenz system

For constructing the numerical Milstein scheme, let us consider the three dimensional
index set F' = 0,1,2,3, then the corresponding Hierarchical set A is

"4 = {/07 (0)7 (1)7 (2)7 (3)7 (17 ]‘)7 (17 2)7 (17 3)7 (27 2)7 (27 ]‘)7 (27 3)7 (37 3)7 (37 ]‘)7 (37 2)}
The Milstein scheme can be derived from the stochastic Taylor expansion:

3 3
YVloy = Yl 4 a (tn, Yo) A+ 301 (6, Y)AWY 4 3 LY (0, V), )
J=1 J1,j2=1
3 3
Y2 =Y 4 aP (b, Yo) A+ Y 0 (6, Y ) AW+ Y L7 (b, V) I,
j=1 J1,J2=1
3 3
Y3, =Y 4 a (b, Yo) A+ ) 0N (6, Y ) AW+ Y L6 (b, V) I,

Jj=1 J1,j2=1

where A is a time step of the scheme. We deal here only with a fixed time step.
Componentwise, we have
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Simulation of the stochastic Lorenz system: The attractor

A=0.005 A=0.005 A=0.05
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Simulation of the stochastic Lorenz system:

Time series z(t)

It is important to note that the component of diffusion matrix (25) are correlated.
Therefore, the fact that mean behavior of the SLA tends to converge to a stationary state.

A=0.05 A=0.1

A=0.005

X9
X
X

t

A=0.05

St
st

t t

(first row) First component (z(t)) of SLA (solid line) and the corresponding mean (red
line). (second row) the corresponding standard deviation of x(¢).

st
i B
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Numerical Instability

@ Although convergent in theory, a numerical scheme will be useful in practice unless it
can control the propagation of initially small errors

@ The Euler scheme for a constant time step
Ty =2p1 — 10Nz, 1A =(1-10M2, 1 =...=(1-10YA)"2(0)

@ For A >2-10"", we get oscillation without bound: unstable scheme

@ 2, — 0 monotonically if A < 10~'. BUT for N >> 1 such time steps may be
smaller than the round off resolution of the used computere > 0, there exist a
6 > Osuch that

@ Mean-square stable, if for each € > 0, there exist a 9 > 0 such that
| X (t;to, Xo)||22 <& t =ty whenever |[Xo|%: <.
@ Asymptotically mean-square stable, if it is mean-square stable and, when || Xo||3. < &
1 (¢ o, Xo)[[7 — 0

where E(X,) = || X¢||2. denotes the mean-square norm.

A nice stability analysis for the Milstein scheme is done by V. Reshniak, A.Q.M. Khalig,

D.A. VOSS, G. Zhang Split-step Milstein methods for multi-channel stiff stochastic differential systems, Applied Numerical
Mathematics 89 (2015) 1-23.
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Concluding Remarks

@ The Milstein scheme converges with strong order v = 1 and weak order
[ = 1. It has a higher order of convergence in the strong sense than the
Euler-Maruyama scheme, but gives no improvement in the weak sense.

@ The Milstein scheme does not correspond to a stochastic Taylor
scheme for an hierarchical set for the week convergence.

@ Pathwise convergence was already considered for RODEs and is also
interesting for SODEs because numerical calculations of the random
variables Y}, in the numerical scheme above are carried out path by
path. (P.E. Kloeden and A. Neuenkirch, The pathwise convergence of approximation schemes for stochastic differential

equations, LMS J. Comp. Math. 10 (2007))

@ It6 stochastic calculus is, however, an L? or a mean-square calculus
and not a pathwise calculus.

@ For the week convergence and their construction especially Hierarchical
sets, we suggest the monograph of Kloeden, Peter E., Platen, Eckhard
Numerical Solution of Stochastic Differential Equations.
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Outlook Graduate-Lectures

@ More details about stability, consistency and scheme properties
@ Implicit schemes and relationship to stability
@ Multistep stochastic schemes for SDEs

Extrapolation (Richardson-like) stochastic schemes for SDEs

(]

Variance Reduction: Reduction of the number of sample for getting
same results
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