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INTRODUCTION
Condensing Phenomena

Self-Organization,

Emergence,

Non-linear systemes,

Distributive computing on networks
Collective intelligence,

From individual to collective intelligence ?
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INTRODUCTION
Hegselmann-Krause-model (HK-model)

The HK-model is a process of consensus formation with

bounded confidence: A systems of points for ¢ > 0 and
t=0,1,2,...

x(t+1) = ﬁ S (1)

jel(i,t)
I, 1) = {j]|[x(t) —x(t)] <<}
Consensus is the state (¢ is constant)
,”“f‘ Xj(t) = c.

The HK-model is also known as OPINION DYNAMICS.
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INTRODUCTION
Energy-based-model

Starting from the =-energy of a position resp. to m (pos.
measure):

e-(em) = | Lyl

-extending the HK-model-, we
@ replace the Euclidean space by a metric space (X, d),

O let the agents move to where the local energy is minimal,
© Agents do not move simultaneously,

and observe the total -energy of m

E.(m) = /Xeg(x. m)m(adx),
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FINITE METRIC SPACE
LOCAL AND GLOBAL ENERGY MAP

DEFINITION

(X, d) finite metric space, m € M. (X) (honnegative measures),
¢ > 0. The =-energy of mis

E(m)= Y m(x)m(y)d®(x.y).
d(x.y)<e

The =— energy of point a € X with respectto mis

e-(am)= ) m(y)d*(ay).

d(a,y)<e

o

Note: e-(-, m) and E-.(m) are resp. local and global energies.
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FINITE METRIC SPACE
MoVESs OoF PoINT MASS

A pair (a,a") € X x X operates on the set M. (X) as

m— (a, a,m),

where
m(X); if x¢&{aa'},
m-=(a,a,m)(x)=< 0; if x=a
m(a) + m(a*); if x=a .
Note that

— when a moves to a*, m moves to m* = (a,a*, m), and
- m(X) = m*(X).
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FINITE METRIC SPACE
EXAMPLE OF MOVES

(a) (b) ()

[ ] ] (] ® (] (] ® (] ]

2 1 1 2 1 1 9 1 1
T-move 1-move 1-mowe

® .. - ® ° e R — ° ® P - @

0 3 1 2 2 0 2 0 2

(a) m is transformed to m,, with E(m) = E(m;) = 6.
(b) m is transformed to mj with E(m) = 6 < E(m;) = 8.

(¢) m is transformed to m with E(m) =6 > E(m) = 0.

We are looking for a local rule for a move of particles satisfying the case (c).
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FINITE METRIC SPACE

E-MOVE: DEFINITION

A pair (m, m*) is e—move, if there is a pair (a, a") such that:

() m"=(aa,m).
(i) d(a,a’) <e.
(i) e-.(a,m)+ m(a)d?(a, a*) > e.(a*.m).

m', m?,...is e=—condensing if (m’, m'*') is e—move.

INTERPRETATION

amoves to a* if d(a*., a) < = and e(a*, m*) < e(a, m).
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FINITE METRIC SPACE
CONVERGENCE THEOREM

A singularly e—condensing sequence is finite.

The proof is a consequence of the following lemmas.

Letme M.(X),a,a € X such thatd(a,a*) < <. Then

E.(m)— E.(m") = 2m(a)|e-(a, m) — e-(a*, m) + m(a)d?(a, a*)],

LEMMA

| \

Form e M, (X) let n(m) be the humber of elements a € X such
that m(a) > 0. If m', m?. ... is a sequence of measures on X
which is singularly and s—condensing, then

Q@ /i — E.(m') is strictly decreasing
@ /i — n(m') is decreasing

A
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FINITE METRIC SPACE
SIMULATION, EUCLIDEAN

lteration :0 lteration :0 Iteration :0

Energy, simulation (a) Energy, simuation () Energy, simulation (c)

E &
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Ex Ex
W 1
Fal x
o}
1 1 1 1 1 : 1 1 — 1 - 1 1 : 1 1 1 1
) 100 0 = m m 1 ) e I ) = P 0 ) 102 150 = =

Results of simulations in an (Euclidean) finite metric space.
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FINITE METRIC SPACE
SIMULATION, CIRCULAR
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Results of S|mulat|ons n a f|n|te circular metric space.
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CONTINUOUS METRIC SPACE
ENERGY FUNCTION

In general E is a not continuous function of m.

EXAMPLE

For X =R, S(m) ={1,2}, = = 1 and a given m with

m= Y m(x)dy =01+ 6 = E(m) =2.
xe{1,2}

let m; be a sequence of p.m. defined as m; = 04 + 62+%, it

follows E(lim;m;) = E(m) = 2 # lim; E(m;) = 0. Hence, the
map E is not continuous in m.
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CONTINUOUS METRIC SPACE
INTENSITY FUNCTION, EXAMPLE

DEFINITION

A continuous function ¢, which satisfies:

X x X —1[0,1]; £,0 > 0;

A (1, ifd(x.y) <
p(X,y) = {O, itd(x,y) =

©

Is called intensity function.

EXAMPLE:

R xR —[0,1]; ,6 > 0;
1. if |[x—y

_. it |x—y

(E+9_|X_*V|) otherwise.

Lf.f-j

| <
| >

0
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CONTINUOUS METRIC SPACE
CONTINUOUS ENERGY FUNCTION

DEFINITION

The continuous energy function of m is
E : M (X)—R"
Em) = [ [ e y)axy)micxmidy)

= > mx)m(y)e(x.y)d3(x, y)
X,y

The energy of point a € X with respectto mis

e(a.m) = > m(y)e(a,y)d?(a,y).
y

where ¢ is an intensity function.
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CONTINUOUS METRIC SPACE
CONDENSING SEQUENCE

DEFINITION

A pair (m, m*) is called condensing, if thereis (a,a") € X x X
such that

(/) m* = (a,a,m)and
(/i) & minimizing y — e(y,m")p(a,y), withd(a,y) <<+ 6.
A sequence of non negative measures m', m?, . .. is called

condensing, if for every i the pair (m', m’“) IS condensmg A
mapping f such that m* = f(m) is called condensing.
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CONTINUOUS METRIC SPACE
EFFECTIVELY CONDENSING

DEFINITION

A singularly condensing sequence m', m?, ... is called
effectively condensing sequence if there exists ¢ > 0 such
that

() m*! = (a a*, m).
(i) E(m') — E(m'*™1) = ca(m"),
where a(m') = max, {o(y, a)d?(y, a)|ly € S(m')}.

From

E(m)— E(m") = 2m(a) e(a,m)— e(a’,m")|and
c = ZmAn{m(a)\aES(m‘()},

follow the existence of the effectively condensing sequence.
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CONTINUOUS METRIC SPACE
CONVERGENCE OF EFFECTIVELY COND. SEQ.

If (X, d) is a compact metric space, then every effectively
condensing sequence m', m?, ... is finite.

Proof idea: Since X is compact and

LEMMA

Suppose that m', m?. ... is an effectively condensing.

if lim E(m') = E(m), then o(m) = 0.

I—0o0
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CONTINUOUS METRIC SPACE
SIMULATION, REAL LINE

Iter.: O

Results of simulations in the real line.
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CONTINUOUS METRIC SPACE

SIMULATION, REAL PLANE
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CONTINUOUS METRIC SPACE
SIMULATION, SEGREGATION
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Prohibition of collisions leads to segregation
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